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Area of Curves 
(Quadrature) 


‘1.1 Definition 

The process of finding the area of ony bounded portion off a curve is 
called quadrature. 
‘1.2 Areas of Curves Given by Cartesian Equations 

If f(s) is a continuous and single valued function of x, then the area 
bounded by the curve y = fix). the axis of x and the ordinates x = a and 
x=bis 

free oF fP 00 ax. 

Proof: 

Let CD be the arc of the curve y = f(x) and AC and BD be two ordinates 
x= aand x =b. 


y 


2 Application of Integral Calculus 


Consider P(x, y) and Q(x + 5x, y + dy), the two neighbouring points 
‘on the curve. Draw PM and QN perpendiculars to the axis of x, then 
PM = y, QN = y + dy and MN = dx. 

Draw PR and QS perpendiculars to NQ and MP produced respectively. 
The area AMPC depends upon the position of P on the curve. Let A 
denote the area AMPC and A + 5A be the area ANQC. Then the area 
MNQP = area ANQC ~ area AMPC 

=A+6A-A-=6A. 

But clearly this area 5A (i.e., the area MNQP) lies in magnitude 
between the areas of the rectangles MNRP and MNQS. 

Thus, we have 

Area of the rectangle MNQS > 6A > area of the rectangle MNRP 
ie, (y + y)8x > 6A > yéx 


igs 
or a ry 8x y- 


Now as Q > P, 5x — 0 and dy — 0. Therefore we have 


d 
“ =y = f(x), or dA 


* , 
Integrating both sides between the limits x = a and x = b, we have 


“6. 7? 

or fal? = ff ydx 

or (Area A when x = b) — (Area A when x = a) = in ydx 
b 

I ydx 


b b 
or Area ABDC = I, ydx = if f(x) dx. 


Similarly, it can be shown that the area bounded by the curve 
x = f(y), the axis of y and the abscissae y = a and y = b is 


p x dy, or in f(y) dy. 


or Area ABDC - 0 


Notes: 

1. In choosing the limits of integration, the lower limit of integration 
should be taken as the smaller value of the independent variable while 
the greater value gives us the upper limit of integration. 

2. If the curve is symmetrical about x-axis or y-axis or both, then we 
shall:find the area of one symmetrical part and multiply it by the 
number of symmetrical parts to get the whole area. 
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1, Rules for Tracing Cartesian Curves (Summary) 


(a) 


(b) 


(c) 


(d) 


(e) 


10} 


Symmetry ; (i) If all the powers of y which occur in the equation of 
the curve are even, the curve is symmetrical about the axis of x. (ii) 
If all the powers of x are even the curve is symmetrical about the axis 
of y. (iii) If he powers of x and y are all even, the curve is symmetrical 
about both the axes. (iv) If on interchanging x and y the equation of 
the curve remains unchanged, then the curve is symmetrical about the 
straight line y = x. (v) If on putting -x for x and ~y for y the equation 
of the curve is unaltered, then there is symmetry in opposite quadrants. 


Asymptotes Parallel to the Axes : The asymptotes parallel to the 
x-axis can be obtained by equating to zero the coefficient of the 
highest power of x in the equation of the curve. Similarly, the 
asymptotes parallel to the y-axis can be obtained by equating to 
zero the coefficient of the highest power of y in the equation of 
the curve. 


Points of Inflexion : While tracing the curve, if it appears that the 
curve possesses some points of inflexion, then they can be clearly 
located by putting (a*y/dx) or (d?x/dy”) equal to zero and solving 
the resulting equation. 


Solve the equation of the curve for y or x whichever is convenient. 
Suppose we solve for y. Then put the equation of the curve in the 
form y = f (x). Now we give values to x from 0 to 2 and then from 
0 to — » and note the values of y. 


Location at the Orign : Observe whether the curve passes through the 
orign or not. If the point (0, 0) satisfies the equation of the curve, it 
passes through the origin. If the curve passes through the origin, then 
the tangents at the origin are obtained by equating to zero the lowest 
degree terms occurring in the equation of the curve. 


Some Points on the Curve ; Find the point where the curve cuts the 
co-ordinate axes. In the equation of the curve, put y = 0 and solve 
for x. Again put x = 0 and solve for y. Thus, we get the points where 
the curve cuts the coordinate axes. Also find out the tangents at these 
points. Giving other suitable values to x find out some other points 
on the curve. 


2. Tracing of Polar Curve 


(a) 


Plot certain points on the curve. For this, give certain values to @ and 
find the corresponding values of r. 


4 Application of Integral Calculus 


For this we must remember the following table: 


i) = 0° 30° 60° 90° 120° 150° 180° 210° 240° 270° 
sin@ = 0 W2 V3/2 1 V32 2 0 -172 -V32 -1 
cos@ = 1 V3/2 12 0 ~I/2 -V32 -1 -V3/2 -12 0 

(b) If the curve possesses an infinite branch we find its asymptotes. 

(c)_ Find tan f = r (dq/dr). This gives the direction of the tangent at any 
point on the curve. 

(d) Symmetry. (i) If the equation of the curve does not change by putting 
—6 for 8, then the curve is symmetrical about the initial line. (ii) If 
the equation of the curve remains unchanged by putting —r for r, then 
the curve is symmetrical about the pole and the pole is the centre of 
the curve. (iii) If the equation of the of the curve remains unchanged 
by changing @ into (a — 6), then curve is symmetrical about the line 
@ = w/2 (i.e, the y-axis). (iv) If the equation of the curve remains 
unchanged if q is changed into 1/2x — 0, then the curve is symmetrical 
about the line 8 = 1/4. 

(e) The curve will pall through the pole if for some value of 6 the value 
of r comes out to be zero. Also if r= 0 when @ = a, then usually the 
line 6 = a will be a tangent to the curve at the pole. 

We should find the values of @ for which r = 0, or r is maximum, or 
ris minimum, or r > », 
If r vanishes for more than one values of 8, the curve is said to have 


a loop. The limits for a loop are obtained by finding two consecutive 
values of @ for which r is zero. 


1.3 Areas of Curves Given by Polar Equations 

Ifr = f(O) be the equation of a curve in polar coordinates where f (8) 
is a single valued continuous function of ® then the area of the sector 
enclosed by the curve and the two radii vectors ® = 0, and 0 = 0, 
(9, < 9), is equal to 


Proof: 

Let OAB be the area of the curve r = f (8) between the radii vectors 
© = 6, and 0 = 4. 

Let P(r, 6) be any point on the curve between A and B. Take a point 
Q(r + dr, @ + 88) on the curve very near to P and draw the radius vector 
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OQ. Let the sectorial areas AOP and AOQ be denoted by A and A + dA 
respectively. 

Then the curvilinear area OPQO = A + 5A ~ A = SA. 

Also we have OP = r; OQ = r + r and Z POQ = 80. 

The area of the circular sector POQ’ 


LARS ei 
= 2 (radius x arc) = 2" B 


160 = 317 80, 
and the area of the circular 
sector P’ OQ 


iG + 6r). (r + 6r) 


80 = ie + 51)? 58. 
Now, area POQ' < area 


OPQ < ‘area P"0Q, Fig 1.1() 
ie, ie 80 <5A< ie + 5r)? 80, 
ie, 3 < 8A/50 < iG + 8). 


Proceeding to limits as 58 — 0, we get 
dA 


dé 
0, _ (2 1 
(aly? = f° 5 a0. 
Now the L.H.S. = the value of A for 6 equal to @, — the value of A 


for @ equal to 6, = (the area AOB) — 0 = area AOB. 
Hence the required area AOB 


1 1 
ria or dA = 3F 48. 


Note: In some cases it is more convenient to find the required area by 
using double integration. In that case the area is given by 
> f(8) 
ie jo £49 dr, (8, <@,). 
Remember : The number of loops in r = a cos n@ or r = a sin nO is 
n or 2n according as n is odd or eVen. 


6 Application of Integral Calculus 


MISCELLANEOUS EXAMPLES 
Example 1: 
Find the whole area of the curve ay? = x (2a - x). 
Solution: 


The given curve is a*y? = x? (2a ~ x). : 

It is symmetrical about x-axis and it cuts the x-axis at the points 
(0, 0) and 2a, 0). The curve does not exist for x > 2a and x < 0. Thus the 
curve consists of a loop lying between x = 0 and x = 2a. 


Fig. 1.2 


the required are 
=2 = area OBA 


=2 frye 


_ 5 p22 x2? V(2a-x) 
=2f ere 


lo dx, from (1). 


Now put x = 2a sin?@ 

so that dx = 4a sin @ cos 8 d6. 
When x = 0,6 = 0 

and when x = 2a, @ = 1. 


2 
the required area 


2 2 
7 =f (2a)? sin? 6. V(2a).cos®. 4a sin® cos d@ 


nl2 
= 322? [°” sin*@ cos?o 40 
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= 32a, ou, (by Walli’s formula) 
Example 2: 
Find the whole area of the curve ax? = y° 2a ~ y). 
Solution: 
The given curve is a°x? = y° (2a — y). A) 


It is symmetrical about y-axis and it cuts the y-axis at the points 
(0, 0) and (0, 2a). The curve does not exist for y > 2a and y < 0. 
the required area = 2 x area OBA 


=2 fi xay 
2a y3?? ¥(2a-y) 
=2), oa from (1). 


Fig. 13 


Putting y = 2a sin?@ we get the required area = pa’. (Note that this 
is also the area of a circle of radius a). 
Example 3: 

Find the area bounded by the curve x7 = 4a” Qa - x) and its asymptote. 
Solution: 


The given curve is symmetrical about the x-axis and cuts the x-axis at 
the point (2a, 0). 


8 Application of Integral Calculus 


Equating to zero the coefficient of 
highest power of y in the equation of the 
curve we get x = 0 i.e., the y-axis as the 
asymptote of the curve parallel to y-axis. 


Hence the required area 
2a 
2 ya 
_ 5 28 2aV(2a-x) 
2 aod 
[-. from the given equation of the 
curve, y? = 4a? (2a — x)/x]. 
Putting x = 2a sin? 
so that dx = 4a sin 6 cos @ d@, we 
get the required area Fig 1.4 
: oa ike V (2a) cos@.4a sin ® cosde 
V(2a).sin® 


= 162? J" cos?0 ao 


= 16a? tan, by Wallil’s formula 


= 4na?. 
Example 4: 
Find the area enclosed by the curve xy? = a? (a — x) and y-axis 
Solution: 
Do your self. 


Here also y-axis is the asymptote and in place of 2a we have a i.e., replace 
a/2 in place of a. 
The required area = 4x. (a/2)* = na’. 


Example 5: 

Trace the curve a’y’ = a’x? — x‘ and find the whole area within it. 
Solution : 

The given curve is a*y? = x? (a? — x2). Since in the equation of the 


curve, the powers of x and y are all even, therefore the curve is symmetrical | 
about both the axes. 


Area of Curves (Quadrature) 9 


The curve passes through the 
origin and the*tangents at the origin 
are a’y? — a*x? = 0 i.e., a? (y? - x’) 
Oie,y-x=Oie,y=+tx. 

The curve cuts the axis of x 
where y = 0 ie., where x? (a? — x?) 
= 0 or x = 0, + a. Therefore the 
curve cuts the x-axis at (0, 0), 
(a, 0) and (-a, 0). 

The curve intersects the y-axis 
only at the origin. 
Tangent at (a, 0) 


Shifting the origin to the point (a, 0) the equation of the curve becomes 
aty? = (x +a)? {a*— (x + a)*} = (x + a)* (-x? - 2ax). 

Equating to zero the lowest degree terms, we get x = 0 as-the tangent 

at the new origin. Thus new y-axis is tangent at the new ori 


Solving the equation of the curve for y, we get 


ye 2? =x?) 
a 
When x=0,y=0. 
When x=ay=0. 
When 0<x<a, y? is tive. 


Therefore the curve exists in the region 0 < x <a. 
When x > a, y? is -ive. Therefore the curve does not exist in the 
region x > a. 
Hence the curve is as shown in the figure and it consists of two equal 
loops. 
By symmetry, the whole area within the curve 
= 4 x area of half a loop 


“af _ a xV(a? =x?) © 
4 f, ydx=4 [ ax, 


putting for y from the given equation of the curve 


x2 
~ f 

putting x = a sin @ 

so that dx = a cos 6 dO 


sin 6. a cos @. a cos @ d@, 
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= 4a? f°" cos?@ sin 6 40 


= 4g? ls (by Walli’s formula = 42 
3.1 3 
Example 6: 
Find the area of the curve y* = x* (4 = x). 


Solution: 
Do your self. The required area 


2 32 
=4ff x NG4 ~ x2) dx = >. 


Example 7: 
Prove that the area of a loop of he curve a'y? = x'(a@ — x2) is mR. 


Solution: 

The curve is symmetrical about both the axes. Putting y = 0 in the 
given equation of the curve, we get x* (a? — x?) =O ie,x=0,x=+a. 
Thus, the above curve will have a loop between x = 0 and x = a. By 
symmetry, the area of a loop 

7 a x2 V(a2 —x2 
-2 f° yax=2 f° EME Le, 
Putting for y from the ave bana of the curve 


2 


= =[5 ? 2? sin?o V (a? — a? sin? 0). a cos © dO 
2 


putting x = a sin @ so that dx = a cos 6 dO 


/2 
= 2a? f°" sin? 0 cos? 0 do 


= 2a?, Hs ye by Walli’s formula 


= na7/8. 
Example 8: 

Show that the whole area of the curve a*y* = x° 2a — x) is to that 
of the circle whose radius is a, as 5 to 4. 


Solution: 

The given curve is symmetrical about x-axis. It passes through the 
origin and the tangents at the origin are a*y? = 0 ie, y? =0 ie, y = 0, 
y=0. 
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The curve cuts the x-axis at the points (0, 0) and (2a, 0). It intersects 
the y-axis only at the origin. When 0 < x < 2a, y? is tive so that the curve 
exists in this region. When x > 2a, y? is ~ive so that the curve does not 
exist in this region. When x < 0, y? is —ive so that curve does not 
exist in this region. 

Thus, the given curve consists of a loop lying between x = 0 and 
x = 2a. Hence, the whole area of this curve « 


2a 2a x52 (2a - x2 
=2 y ax = cack ik) ats 
2 S ydx =2 S 2 dx, 
Putting for y from the given equation of the curve 


4 2 (2a)*? sin’ 6.(2a)"/ cos.04a sin cos0d0 
5 ‘ 


iJ a 
Putting x = 2a sin? 
so that dx =2a.2 sin @ cos © dO 


3/2 
= 64a? J" sin @ cos20 40 


= 64 
re)" 2.432, 


Also the area of the circle of ratius is xa. 


22% 
22 2°2" 
4 


Area of the circle na? 


Area ofthe curve _ Sna?/4 _ 5 


Example 9: 

Find the area between the curve y? (a — x) = x (cissoid) and its 
asymptotes. Also find the ratio in which the ordinate x = a/2 divides the 
area. 


Solution: 
Equating to zero the coefficient of the highest power of y, we get 
a~x=0 ie, x =a as an asymptote of the curve paralldl.to the y-axis. 
Let A be the whole area between the curve and its asymptote. Then 
A =2 ~ (area in the first quadrant) 
x32 
=2 i ydx =2 f Tan” 


putting for y from the given equation of the curve 


R Application of Integral Calculus 


‘“ r’ a>? sin? .2a sin@cos0 
0 V(a).cos® 
putting x = a sin?@ so that dx = a.2 sin @ cos 0 dO 


d6, 


2 ol z 3na? 


= 4a?” sin 9 d0 = 4 (1) 
lo 42274 


Now let A, be the area of the portion between x = 0 and x = fa. 
Then 

x32 
V(a- Pres 
putting for y from the given equation of the curve 


/2 /2 
A, = 2 ydx = afr 


ld 
= 4a?) sin*® dO, putting x = a sin®6, etc. 


_2 m4 esl 22 m4 2 
ef (2 sin? ey 40 = af? (1 — cos 20)? 40 


1 4 px? 
=3? S (1 — cos 4)? do, 


[putting 26 = so that 2 d@ = do and adjusting the limits] 


= xf 0 ~2 cos $ + cos?) do 
a ii gS 2f" ” coshdd + (e cos? oa] 
= Leal {ag -2fsina}g? +23] 


Now let A, be the area of the portion of the curve lying between 


1 
x= paand x =a. 


u 


The A, = A - A, = 3 na? — is (3x - 8) ie (3x +8). 
— (a? /8)(32-8) _ nee 8 
i (a2/8)(3n+8) 3m +8" 


<=. required ratio = 
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Example 10: 

Find the whole area between the curve ry" = a (y — x*) and its 
asymptotes. 
Solution: 


The given curve is symmetrical about both the bead and passes through 
the origin. The tangents at (, 0) are given by y?- x? =O ie, y=+x are 
tangents at the origin. 


y 


Fig. 1.6 
Equating to zero the coefficient of the highest power of y (ie., of y?) 
the asymptotes parallel to y-axis are given by x? — a? = 
The asymptotes parallel to x-axis are given by y? + 
gives two imaginary asymptotes. 
*, the required area = 4 x area lying in the first quadrant 


-4f ya =4 (3 ax =) a. 


[-. from the equation of the given curve, y? = a°x’a? — x)] 
a _axdx a -2xdx 
oS i Va@?=x?) on i V(a? -x?) 


0 which 
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=~ da [0 - a] = 4a, 


Example 11: 
Find the area of the loop of the curve 
Va -x) =x (a + x). 
Solution: 
The given curve is symmetrical about the x-axis and cut the x-axis 
at the points (0, 0) and (-a, 0). 
The tangents at (0, 0) are y2=x7ie,y=+x. | 
Clearly there is a loop which lies between x = —a and x = 0. 
©. the required are of the loop = 2 * area of the upper half of the loop 
of _5f? x Mat x) 
=2 fi y dx = 2p -x eon 
putting for y for the upper half of the loop from the given equation of 
the curve 


0 (a+x) 

yee hut.) 
V(a? -x: 2% 
multiplying the numerator and the denominator by V(a + x). 
Now put x = — a sin 6 so that dx = — a cos 6 d0. 
When x = - a, @ = x/2 and when x = 0, 6 = 0. i 
’. the required area 

. aif -(-asin®) (a-asin®) 


Vea? ~a? sin? 6)" (- a cos 6)d6 


=-2¢ L, sin 6 (1 ~ sin @) dO 
= 2a? ik “(sin @ — sin?@) dO 
= 2a? [ -4.44} (by Walli’s formula) 
= 2a (1-42) = 3 (4-7). 
Example 12: 


Trace the curve 4y? (a + x) = (a — x)° and find the area between the « 
curve and its asymptotes. 


Area of Curves (Quadrature) 


Solution: 

The curve is symmetrical about x- 
axis. It does not pass through the origin. 
Putting x = 0 in the equation of the 
curve, we get y = + a/2 and putting y 
= 0 in it we get x = a. Thus, the curve 
cuts the y-axis at the points (0, + 1/2a) 
and it cuts the x-axis at the point (a, 0). 

Equating to zero the coefficient of 
the highest power of y the asymptote 
parallel to y-axis is a + x = 0 ie, 
x= -a. 

The equation of the curve can be 
written as y? =(a- x4 (a + x)} 
which shows that for x > a, y is 
imaginary i.e., the curve does not exist 
for x > a. 


y’ 


Fig 1.7 


15 


Thus, the shape of the curve is as shown in the fig. Now the required 


area = 2 x area lying above the x-axis. 


=2f", ydx=2 


* ii (a- xy? 
-a 


—> dx, 
(ao +x") 


multiplying the Nr. and the Dr. by V(a - x) 


J-n/2 


putting x = a sin® so that dx = a cos0 dO 


a2 [P2 op _ cing? 
=a? f"), (1 - sind)? do 


-a 2 


es (a-a sin6)? 


\@ +a” sin?) 


2 1(a-x)? 
(a +x) 
puting for y from the equation of the curve 


.acos 6 d6, 


=a? [™ (1 sind + sin? 0)€0 


=a? J" {1~ 2sind + 12 (1 ~ 0526) 48 


16 “Application of Integral Calculus 


n/2 


a? |[3.0+2 cos0— 1 sin20 
2 4 


=a? (3%) 23 ga? 
n0}(8)=2 0 


Jn/2 


Example 13: 

Trace the curve y* (a + x) = (a - x)’ and find the area between the 
curve and its asymptotes. 
Solution: 

Do your self. The required area = 3a’, 


Example 14 
Find the area included between the curves y* = 4ax and x = Aby 


Solution: 

Solving the equations of the two 
given curves, we have y‘ = 16a? (4by) 
= 64a°by. 

y (y? - 64 a%) = 9, 
giving y = 0, 4a”? pl?_ 
When y = 0, x = 0 and when 

y = 4a? pl3, x = gal? p23 

Hence, the points of intersection of 
the given curves are O (0, 0) and A 
(4a"? 9, 4b! 523), . Fig 1.8 

the required area (i.e., the shaded area) 
= area OPAL — area OQAL 


4a3p23 
= f y dx, form the curve y? = 4ax 


1352/3 
- i y dx, form the curve x? = dby 
(Note that for the required area x varies from 0 to 4a! b2) 


_ ptal3p23 da/3_23 (2 
= f V(4ax) dx - f (S)« 
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= pe ce said a 
cane 4b| 3 J, 


4va 1 
2508 V(@).b] - Typ (64 ab?) 


32 16 16 
“5 ‘ab — 3 ‘ab 3 ‘ab. 
Example 15: : 

Find the area of a loop of the curve r = a sin 30. 


Solution: 


The given curve is not symmetrical about the initial line. We have 
rt = 0 when sin 36 = 0 ie, 30 = 0, x ie, 8 = 0, 1/3n. Thus, two 
consecutive values of @ for which r is zero are and 1/3n. Therefore, one 
loop of the curve lies between 6 = 0 and 1/3. In all there are three loops 
as shown in the figure. For the first loop @ varies from @ = 0 to 6 = 1/37. 


Fig 1.9 
Hence the area of a loop 


=a sin 30] 


18 Application of Integral Calculus 


2 
“= JF" 0s 68) 40 


1 ON bd 
= j12[0-Zsinoo| 


“ ={2] 2 
413 12° 
Note: Also whole area of the curve r = a sin 3q = 3 a area of one loop 
= 3 x (1/12) ma = 1/4n a. 


lo 


Remark: 

The above curve is a particular case of the curves of the type r = a 
sin n@ which have n loop when n is odd and 2n loop when n is even. 
Example 16: 

Find the whole curve is r = a sin 20. 

Solution: 
Here the given curve is r = a sin 20. 


Comparing with r = a sin nO we observe that n = 2 (i.e. even), 
therefore the curve has four loops. This curve is not symmetrical about 
the initial line. Putting r = 0 ie., 20 = 0, r ie, 6 = 0, 1/2n. 
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Thus two consecutive values of @ for which r is zero are 0 and 1/27 
Therefore for one loop of the curve @ varies from 0 to 1/2n. 
Now the whole area of the curve = 4 = area of one loop 

x21 


nl 
=- - = 2 ind 
af) zr do = 2)" a? sin? 20 do 


2f?2, 2 _ oft? 
af" 2 sin? 20 d0 = a? (1 - cos 40) a0 


P n/2 
=afo-s04e 
4 hy 2 
Example 17: 
Find the whole area of the curve r = a cos 20. 


Solution: 

Comparing the given equation with r = a cos n@ we observe than n 
= 2 (i.e, even), therefore the number of loops = 2n = 2 x 2 = 4. 

This curve is symmetrical about the initial line. 

Putting r = 0, we get cos 26 = 0 or 26 = + 1/2n or 0 = + I/4n ice, 
for the first loop @ varies from — 7/4 to n/4 and this loop is symmetrical 
about the initial line @ = 0. 


Fig 1.11 
-. whole area of the curve = 4 = area of one loop 


(2 ‘4 
= 4x 2f7 Le ao = af""5? cos? 20 40. 


20 “Application of Integral Calculus 


Now put 26 = t so that 2 d®@ = dt. 
When 6 = 0, t = 0 and 


1 1 
when 6 = amit ge 


/2 1 
<. The required area= ani" cos*t zat 


1 1 
eiQg? alee a git 
2a’ 2 3" 
Example 18: 
Find the area of the curve r° = a? cos 20. 
Solution: 


The given curve is symmetrical 
about the initial line 6 = 0 and about 
the pole. Putting r = 0 in the give 
equation of the curve, we get cos 20 = 0 
or 260 = + 1/2n or 6 = + 1/42. Thus, 
two consecutive values of @ for which 
r is zero are -1/4 n and 1/4 x. Therefore 
one loop of the curve @ varies from — 
a/4 to n/4. Fig 1.12 


When 1/2n < 20 < 3/27 ie, 1/4n < @ < 3/42, r is negative ie, r is 
imaginary. There fore this curve does not exist in the region 1/4n < @ < 


3/4n, 
Hence this curve has only two loops as shown in the figure. 
whole area of the curve = 2 x area of one. loop 


ald > > > 
= J7), a? cos 20 d0, (.. P= a? cos 26) 
nis 


Py tuned : . 
= 22°" cos 20 d®, (by a property of definite integrals) 
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Example 19: 
Find the common area between the curves y* = 4ax and x? = day. 


Solution: 
Here b = a. Solving the given equations, we get the points of intersection 


16 4 
as (0, 0) and (4a, 4a) and hence required area = 7 


By double integration. The required area 


vi 
se er 


= LORS 


i] 
1 
a 
s 
a 


2s)" _ 1 
a ea 


(4a)? 
Ne (4a)? - | Ta } 


Example 20: 

The curves y = 4x? and y? = 2x, meet at the origin O and the point 
A, forming a loop. Show that the straight line OA divides the loop into 
two parts of equal area. 


Solution: 
Solving the equation of the two given curves, we have 
16x* = 2x or 16x ~ 2x = 0 
ie, x = 0 and x = 1/2. 
When x = 0, y= 0 
and when x = 1/2, y = 1. 


1 
Thus, the points of intersection are (0, 0) and (4.1). 


The equation of the line OA is y — 0 = it (x - 0) ie. y = 2x. 


==0 
2 


2 Application of Integral Calculus 


Now the area between the parabola y” = 2x and the line y = 2x = 
12 2 
S y dx, form the parabola y? = 2x — is y dx, from the line y = 2x 


= Veen ax - [2x ax 


v2 
{292,32 _,2 
3 10 
2202 1 ld tla 1 
S220 4°3°«4 1 @) 


Again the area between the parabola y = 4x? and the line y = 2x 
v2 
=f y dx, from the line y = 2x 


12 . 
- f, 'y dx, from the parabola y = 4x? 


4732 
=f 2x dx - i 4x? dx = [x Wes 31"), 
1 1 1 
47-6 12° -@) 
From (1) and (2) we observe that the straight line OA divides the 
loop into two parts of equal area. 


Example 21: 

Find the area included between > = 4ax and y = mx. 
Solution: 

Solving the equation of the 
parabola y? = 4ax and the equation 
of the line y = mx for x, we get 
m?x? = 4ax or x(m?x — 4a) = 0. 

This gives x = 0 or x = 4a/m?. 


Thus the two curves cot at the 
Points where x = 0 and x = 4a/m?. 
“, the required area 


2 
(" y dx, from the curve 
y? = 4ax 


4a/m? 
- y dx, from the st. line y = mx 


Fig 1.13- 
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= Vax) dx - f x ax 


2 alm? 1.7 
=2 vol ze"] - afi] 
lo 
¢ 2 


Example 22: 
Find the area included between y? = 9x and y = x. 
Solution: 


Do your self. - 
Here m = | and a = 9/4. 


Example 23: 
Find the area of the segment cut off from the parabola y* = 2x by the 
straight line y = 4x - 1. 
Solution: 
The given curves are 
LY =2x, (1) 
and + y =4x- 1...2) 
The two curves have been shown 


in the figure. Solving (1) and (2) for y 
we have 


1 
y= 24 +1) 
or 2 -y-1=0 
or (y - 1) Qy + 1) =0. 
ny =-I2 1. Fig 1.14 
Thus, the curves (1) and (2) intersect at the points where y = - 1/2 


and y = 1. 


Now the required area of the segment POQ (i.e., the dotted area) = 
the area bounded by the st. line y = 4x — 1 and the y-axis from 


--+to =1 
y zy 
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— the area bounded by the parabola y? = 2x and the y-axis 


from y =~ 3t0y=1 
=f dy, from (2 f dy, from (1 
v2 X dy: from (2) - J |, x dy, from (1) 


= Ppp + D oy - fing ey 


rate) ace) 


~3(3+2)-23-43-23 
4\2°8)° 68 48 68 
2415.3. 29 
“32° «16 «32° 


Example 24: 

Find the area of the segment cut off from the parabola y? = 4x by the 
line y = 8x — 1. 
Solution: 

Do your self. 


Here the points of intersection are = (4. -1) and (;- ') and hence 
7 2 
th ired “=, 
le required area 64 
Example 25: 
Find the area common to the two curves y? = ax, x7 + y? = 4ax. 


Solution: 

y? = ax is a parabola with vertex at the origin and axis along x-axis and 
latus rectum a, and x? + y? = 4ax is a circle with centre (2a, 0) and radius 2a. 

Both these curves are symmetrical about x-axis. 

Solving the equations of the two curves for x we have 

x? + ax = 4ax 
or x? — 3ax =0 
or x (x — 3a) = 0. 


+ Area of Curves (Quadrature) : 25 


Therefore x = 0, 3a. 
Thus, the two curves intersect at the points where x = 0 and x = 3a. 
Also A is the point (4a, 0). 


Fig 1.15 
The area common to the parabola and the circle (i.e., the shaded 
area) 


= 2 [Area OPS + Area PSA], (by symmetry) 


= [fr y dx, form the parabola y? = ax 

a fey dx, from the circle x? +y? = 4x] 

= {f Veaxddx + [PN (4ax - x? vax] 

= ava" x!? dx + 2" Vitae? — (x ~ 20)4) dx 
3a 

=2V {3 x3? ih 


2 i 4a 
+2) Lx -2a) V (4a? = (x-2a)2) + sin! X28 
2 3 2a |, 


= 4a? V3 +2 [{o-$avaa} 20°4(n12)-(n/6}] 


24 M3 a V3 + Sra? 
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4 
= 33a? + Sana? 
4 
=a? |3V3 4x) 
#( +57 


Example 26: 

Find the area lying above x-axis and included between the circle x2 + 
y? = 2ax and the parabola y? = ax. 
Solution: 

Here we are required to find the is unshaded area ORP. 

Solving the given equations y? = ax 

and x? + y? = 2ax for x, 

we get x = 0 and x =a. 


~. the required area = ji y dx, from the ‘curve x? + y? = 2ax 
~ J° yds, from the curve y? = ax 


= in V (2ax ~ x?) dx - f V (ax) dx 


a 
= S {a? - (x — a)"} dx - Va. [3x7] 


= [$o-#vem-x)+ 


Example 27: 
Prove that the area of the region bounded by the parabolas y = x2 and 


yadestis Ryo 


Solution: 


The given parabolas are 
2 

y=x mo) 

(2) 


ard 
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Both the curves (1) and (2) are 
symmetrical about y-axis. y 
. The equation of the parabola (2) 
can be written as x? = ~ (y -— 4) which 
shows that its vertex is the point (0, 4). 
Solving (1) and (2) for x, (+J2, 2) 
we get x? = 4 — x? 
or 2x? = 4 or x? = 2 
orx=+ V2. 
Putting x = V2 in (1) and (2) meet 
at the points (- V2, 2)j and (V2, 2). Fig 1.16 
Required area bounded by the two parabolas 


N2ydx . _p2ydx 
=2 Io Fromiay-Jy From(1) 


= [fra -x)ax- xa] 


NZ. 2 
=[ 2(4 — 2x2) dx 


42 
-2[4x-20| 
3 Jo 


= =& 
= 2fave 2.22] 


= 1. 2.16 
=24 vai :] 2472. rae V2. 
Example 28: 
Show that the area included between the parabolas y? = 4a (x + a), 
Y = 4b (b- x) is Sa + b)V¥(ab). 


Solution: 

y? = 4a (x +a) represents a parabola whose vertex is (—a, 0) and latus 
rectum is 4a. Also y? = 4b (b — x) represents a parabola whose vertex ‘is 
(b, 0) and latus rectum 4b. Both the curves have been shown in the figure. 


Equating the values of y° from the two given equations of parabolas, 
we get 4a (x + a) = 4b (b — x) or x = b — a Ze, the abscissa of the point 
of intersection P is b — a. 


Application of Integral Calculus 


Now both the curves are symmetrical about x-axis. 
.. the required area = 2 [Area. APM + Area PMB], by symmetry 


Fig 1.17 
b-a 
= Af yx, for the parabola y? = 4a(x +a) 


+ Jp. ,¥dx, for the parabolay? =4b(b-»)] 
= Afr V{4a(x-+a)}dx+ ke Vf4b(b- wax] 
=4 Val +a)!2 dx +4Vb he V(b - x) dx 
2 b-a 2 b 
=4Va [30+0°?] -4 vo20-n7] 
- 


= +18 Vab??] + +8 Vb.a??] 


ba 


= Vea), (b+ a)= Fea + b) V(ab). 


Example 29: 


Show that the area common to the ellipses 22 + by? = 1, Bx? + ay? 


= 1, where 0 < a < 6, is 4 (ab) ' tan' (a/b). 
Solution: 


The given equations of the two ellipses are 
ax? + by? = 1 wl) 
bx? + ay = 1 (2) 


Area of Curves (Quadrature) 29 


Since 0 < a < b, therefore (1/a) > (1/b). 

The ellipse (1) cuts the x-axis on the positive side.at the point 
(I/a, 0) and it cuts the y-axis on the positive side at the point B (0, 1/b) 

The ellipse (2) cuts the x-axis on 


the positive side at the point A 
(If, 0). 

Both the ellipses are symmetric 
about both the axes. 


Solving (1) and (2) we have the 
coordinates of the point of intersection 
P in the first quadrant as 1/V{a? + b?}, 
IN {a? + b?}. 


Draw PM and PN perpendiculars 
to the axis of x and the axis of y re- 
spectively. 

Now the area common the two 
ellipses (i.e., the shaded area) 

= 4 x (common area in the Ist quadrant) = 4 area OAPB 
= 4[area OMPB + area APM] 

= 4[{area of the square OMPN + area BPN} + area APM] 
= 4[area of the square OMPN + 2 area APM] +3) 

[-. area BPN = area APM on account of the symmetrical situation 

of the area OAPB about OP] 

Now the area of the square OMPN = OM.ON 

/ 1 1 2 1 
V(a?2 +b?) V(a? +b?) = (a2 +b?) 
Also the area APM 


Fig 1.18 


Vb 

= Jet?) y dx, form the ellipse b?x? + ay? = 1 
ve os ay 
= Sin? +b?) 


b pid E 1 3 

a Sista? 2) b? a ha 

b] x ( 1 a) 1 oem Wer Al x ) 
= —|= || —-x? |+—. sin] — 

a} 2 Vb? 2b? 1/b 


Vb 


Va? +b? 
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b | 1 a 
= ©} 0+ sin“ 1-—_—___. __-__ 
| en N(a?2 +b?) bV(a? +b?) 
sin! u 
2 V(a? +b 


-sin~! Lu . 
V(a? +b?) 


wil B_gin-t b ___ab 

2ab| | 2 N(a2+b?)J a2 +b? 

= UT egg t]__b__|__ab _ 
2ab V(a2+b?)} a2 +b? 


eolt tan"'(2) - a 
2ab b) a2+b? } 


Hence from (3), the required area 
1 eae eee | 
= 2 tan7! 2 
{3 +b tas aan sel 
= <wn(2). 
ab b 
Example 30: 


If P(x, y) be any point on ihe ellipse x/a? + y°/b = 1 and S be the 
sectorial area bounded by the curve, the x-axis and the line joining the origin 
to P, show that x = a cos (2S/ab), y = b sin (2S/ab). 


Solution: 


We have S = the sectorial area OAP (i.e., the dotted area) 
= the area of the A OMP + the area PMA 


some + J ¥.4x, for the ellipse 
2 le 


-! 7 gt — x2 
=syef aV@ — x’) dx, 
[-. from the equation of the ellipse, y = (b/a) V (a? ~ x?)] 
lob f 


= zee x) + B[ Ever pede? sin! st : 


? 
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= Xy 2 
=5 V (a? — x?) 
+ Slow dar SE Nea - xP) ha? sin | 
22 a 


“io Peta 


— OX yea? _ x2 
Bal x?) 
“ at 
2\2 
= a os 
2: 
Thus § = 2cos-! * 
2 
“aX 
x 
or = =cos — 
a 
2s 
or x = a cos—. 
al 
Also y= ae - x’) Fig 1.19 


Example 31: 

If A is the vertex, O the centre and P any point (x, y) on the hyperbola 
2/2 — y°/b* = 1, show that x = a cosh (2S/ab), y = b sinh (2S/ab), where 
S is the sectorial area OPA. 

Solution: 


The given hyperbole is shown is the figure. We have S = the sectorial 
area OAP (i.e., the dotted area) 
= the area of the D OMP — the area PAM 


- $OM.MP ~ J yas, for the hyperbola 


1 xb 
=p J qe — a?) dx, 
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[‘: from the equation of the hyperbola y = (b/a) V(x? - a”)] 


ot kG? — a2) — Of v2 a2) - La? 37 
zesV a’) 3 [Eve a?) 53 cosh’ =i; 


Fig 1.20 

= Byer at) 
bfx) 1 1X 

— =| =V(x? -a?)-=a? cosh“! =- (0-0) 

2 (x at)-qa* coal at ] 

we OY G2 oa) ed — 92) + Peosh-! Zeosh-! % 

Ja VO - a) - Fax ~ a) + 7 cosh = cosh at 
Thus § = 2 csoh~! x, 
2 a 


cos"! X 2s 
a ab ab” 


Example 32: 

Prove that the area of a sector of the ellipse of semi-axes a and b 
between the major axis and a radius vector from the focus is 1/2ab) 
@-e sin 9, where @ is the eccentric angle of the point to which the 
radius vector is drawn. 
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Solution: 


Let the equation of the ellipse be x?/a? + y? = 1. Let O be its centre 
and S be its focus (ae, 0). Let 6 be the eccentric angle of any point P 
(x, y) on the ellipse. Then x = a cos 6, y = b sin @ 


Fig 1.21 
Now SP is the radius vector of P drawn through the focus S and SA 
is the radius vector along the major axis. At the point A, x = a and 6 = 0. 


Draw PM perpendicular to the x-axis. 
= area of the A SMP + area PMA 


i 
= SSM.MP + fez y dx, for the ellipse 


1 vd 
3(0M - 0S). MP + f'y a0 


3 (@ c0s0 — ae) b'sin 0 + fb sin 8. (~a sin 8) 48, 


[-. x = a cos 6 and y = b sin 6] 


1 % :] 1 
720 (cos 8 - e) sin @ + fy (1 ~ cos 26) d0 


sin20 [ 
2 


1 Fr 1 
ri (cos 6 - e) sin 8 + seo , 


" 


sy ~ 1 1 . 
7 2b (cos 6 - e) sin 6 + ab (® - 5. 2 sin @ cos 6) 


Hab (cos 6 sin @ — e sin © + © ~ sin O cos 0] 


f) 


1 ‘, 
a (@ -e sin 6). 
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Example 33: 


Find the area common to the circle x* + y? = 4 and the ellipse 
+ 4P = 9, 


Solution: 
The equation of the circle is x? + y? = 4, oA) 
and the equation of the ellipse is x? + 4y? = 9. +2) 


Both the curves (1) and (2) are symmetrical about both the axes and 
have been shown in the figure. 


y’ 
Fig 1.22 ‘ 
Solving (1) and (2) for x, we have x? + 4 (4 — x?) = 9 or 3x? 
2 
x = 7/3, 
*, the x-coordinate of the point of intersection P lying in the first 
quadrant is V (7/3). 


Also putting 


Tor 


we get 
Now the required area is symmetrical about both the axes. 
‘. the required area (i.e., the area common to the circle and the 
ellipse) 
= 4 « (common area lying in the firs quadrant) = 4 x area OCPB 
= 4[area OBPM + area CPM] 
_ { [ka 


: 2 rd 
J, Yax, for the ellipse +len ydx, for the crete] 
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£ (7/3) 1 2 2 
= df FNO- x Dax esis V(4-x va 


[-. for the ellipse, y = ra (9 — x2) and for the circle, y = V(4 - x)] 


xV(9-x?) 9 x Weg 
=2| s10-%9 53 sinrt(2) 
2 2 3 


lo 


(7/3) 


NOG b 0) 
pao GNE FG) 


- 2469, 9 sintate ax - 21G5)-8 sin ST 


= 4n +9 sin”! {ives} -8 sin'{4.verr5} 


Example 34: 
‘Show that the larger of the two areas into which the circle e+y2= 


64a? is divided by the parabola y’ = \2ax is Be [8p - V3]. 


Solution: 

x? + y? = 64a? is a circle with 
centre (0, 0) and radius 8a and 
y? = 12ax is a parabola whose vertex 
is at (0, 0) and latus rectum 12a. 
Both the curves are symmetrical 
about x-axis. Solving the two 
equations, the co-ordinates of the 
common point P are (4a, 4a V3). 
Draw PM perpendicular from P to 
the y-axis. Yo Fig 1.23 

Now the area of the circle (i.e., the shaded area) = the area PRSTQOP 

= the area of the semi-circle RST + 2 area OPR 


36 Application of Integral Calculus 


}. x (8a)? + 2 [area OPM + area MPR] 


ne) _ 
3% (Ba) + 2), x dy, for y? = 12 ax 


8a 
+2), avy *9Y, for x? + y? = 64a? 


32m a + 2p? x tw + 2" Vda? - yy dy 


4a oe 
ae 
1 y> 
= 32na? + YX 
ds f a 
2 8a 
a| ty W(64a2 -y2) + 42 sin Y 
2 2 88 Jays 
= 32na? + | 84330? 
: 3 
+ 2[{0 — 8a? V3} + 32a? {sin 1 — sin”! (V3/2)}] 
2 
= 32na? + 32938? _ gg V3 + Ben 


= Bae - Be V3= 2 a? (8x - V3). 
Notes: 
1. The required area can also be found as follows: 


the required area 


4a 4a 
=2 (i, ydx, for the circle -f, ydx, for the parabots 
2. The required area of the larger portion can also be evaluated by finding 


out the area of the circle and then subtracting from it the area APOQA 
which is equal to 


J,” yax. for the parabola + fe dx, for the circle 
2 J, vex. a 9a, : 
Example 35: 


Find the area common to the circle x + y? = 9 and the parabola 
x = By. 
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Solution: 

Proceed as in part (a) above. 
Example 36: 


37 


Find the area included between the parabola x = 4ay and the curve 


y = Bae + 4a’). 


Solution: 

The curve y (x? + 4a”) = 82° is 
symmetrical about y-axis. Equating 
to zero the coefficient of the highest 
power of x in the given equation, 
we find that y = 0 i.e., x-axis is an 
asymptote of the curve parallel to 
x-axis. Also this curve cuts the y- 
axis at (0, 2a). 

Solving the two given equations 
x? = day and y = 8a°/(x? + 4a’) we 
get their points of intersection as (+ 
2a, a). 


Fig 1.24 


Also both the curves are symmetrical about y-axis. 


Now the required area OPAQO = 2 x area OPA (by symmetry) 
= 2 x [area OAPM - area OPM] 


= [k° ydx, for y = 8a°(x? +497) - [°*ydx, for vs aay 


2a «Ba 2 
= = a -2 
0 x? +4a? 0 
2a 
1 x 
= 16a. 2+} tan-!& 
wo eal 2a Jo 
2 4a 
2na 3 


Example 37: 


a x? 


——dx 


4a 
1 


[ 


Find by double integration the area of the region enclosed by the 
curves.x? + y° = a, x + y = a (in the first quadrant). 


- 
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Solution: 


The given equations of the circle x? + y? = a” [centre (0, 0) and 
radius a] and of the straight line x + y = a (with equal intercepts a on both 
the axes) can be easily traced as shown in the figure. 


Fig 1.25 
The required area is the area bounded by the arc AB and the line AB. 
To find it with the help of double integration take any point P(x, y) in this 
portion and consider an elementary area 5x Sy at P. The required area can 
now be covered by first moving y from the straight line x + y = a to the 
arc of the arc of the circle x? + y = a? and then moving x from 0 to a. 


.. the required area 


Ma?—x?) i . 
= | 1 haa dx dy, the first integration to be per- 


formed w.r.t. y whose limits are variable 


= fons. =?) ay 


(a-x) 


= ff N@ - 2) -@- 0) dx 


1 es gall 39 i 
xray} atx ie 
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- 1 (ix-1) aly 
3? 2 4° (x - 2). 

Note : The required area can also be covered by first moving x from 
the st. line x + y = to the arc of the circle x? + y? = a? and then moving 
y from 0 to a. 

Example 38: 


Find by double integration the area bounded by the curves y(x? + 2) 
= 3x and 4y = x. 


Solution: 

Eliminating y from the given equation, we get 3x/(x? + 2) = x7/4 
or 12x = x?-(x? + 2) 
or x (12 - x? - 2x) = 0 


giving x = 0 and x = 2. 
Thus the two curves intersect at the points where x = 0 and x = 2. 
Both the curves have been shown in the figure. 


Y 


(A(2, 1) 


Fig 1.26 
The required area 


3x/(x2 42) 
= Leopeen ax ay, 


the first integration to be performed w.r.t. y 


~ feasts a= fF] a 
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2 
=~ 3 P2xdx 1 2g 3 2427 — 12 
Thea ah 5 [toetx +2), ala, 
23 1 3 $) 2 
= 5 [log 6 — log 2) - 12 (8) tog (§ | 
3 3 
= Flog 3 - 5. 
Example 39: 


Find the area included between the cycloid x = a (8 - sin 8), y=a 
(1 = cos 8) and its base. 


Solution: 
The parametric equations of the given cycloid are x = a (0 — sin @), 
y =a (I — cos 6). 
We have dx/d@ = a (1 — cos 8), dy/d@ = a sin 0. 
dy dyd®_—_asind 2sin-58cos 5 
dx dx/d8 a(1-cos®) 9j,2 te 


1 
= cot 7° 


In this curve y = 0 wnen a (1 — cos 8) = 0 ie. cos 8 = 1 ie, 
© = 0 When @ = 0, x = a (0 — sin 0) = 0, y = 0 and dy/dx = cot 0 = 0. 
Thus the curve passes through the point (0, 0) and the axis of y is tangent 
at this point. 


In this curve y is maximum when cos 6 = - | i.e, 8 = 1. When 
© =n, x =a (x - sin 2) = an, y = 2a, dy/dx = cot 1/2n = 0. Thus at the 
point 6 = x, whose cartesian co-ordinates are (an, 2a), the tangent to the 
curve is parallel to x-axis. This curve does not exist in the region y > 2a. 


Fig 1.27 
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In this curve y cannot be —ive because cos 6 cannot be greater than 
Thus, on complete arch of the give cycloid as shown in the figure. 


Now this cycloid is symmetrical with respect to the line x = an (axis 
of the cycloid) a and its base is the x-axis. Therefore the required area 


1 x 
= 2p ydx =2 49 


xd 
jo-0 dO" 
a 
= 2 a(1 —cos 6). a (1 ~ cos @) d@ = 2a? (1 - cos 6)? do 
2 
= 02{” (asin? 1 wm pet” aicd 
20°" (2sin 0) 49 = 82°" sin* 1/26 do 


nI2 | 1 1 
= ae’ sin* $ 2d6, putting 79 = 6 80 that > d0 = do 


Sorry 3. i rou by Walli’s formula = 3x a2. 


= 1607 f°” sin’ $ do = 16: 

Example 40: 

Find the area of a loop of the curve x = a sin 2t, y = asin t or ax? 
= 4 (@ - y). 
Solution: 

To trace the given curve, we first find its Cartesian equation by eliminating. 
We have x = a sin 2t = 2a sin t cos t. 

+. x? =4a? sin? t cos?t 

= 4a? sin?t (1 — sin?t) 

= 4a? (ya) {1 - (7/0), B 

[.. y =a sin t} 

or a’x? = 4y? (a? — y?) is the P(x, ») 
cartesian equation of the given curve. 

Now we-trace the curve from its 
cartesian equation. The curve is as shown x 
in the figure. 

AtO,x=0,y=0 

and so t = 0. 

Again at B, x = 0, 


1 
y =saandsot= =n. 
2 Fig 1.28 
The required area of a loop of the curve 


2 Application of Integral Calculus 
= 2 = area OAB (By symmetry) 
op _ sprit dy 

2 y=0 xdy =2 eo * z dt 
= 27" sin 2 dt 
lo asin 2t. a cast at 


x/2 m/2 
= 2a°f sin 2t cos t dt = 4af sin t cos 2t dt 
0 0 
=a, 1, (by Walli’s formula) 
Example 41: 


Show that the area bounded by the cissoid x= a sin? t, y = (a sin’t)/ 
cos t and its asymptote is 3 na’/4. 


Solution: 
Eliminating t from the given parametric equations, we get 
2 sinot _ a2Q3/a3) _ x /a_ 
cos? t 1-sin?t 1-(x/a) (a-x)" 


Therefore the Cartesian equation of the given curve is y” (a-x) = x’. 


The curve is symmetrical about x-axis, passes through the origin, the 
tangent there being y = 0. Also there are no real points of the curve if 
x <0 or if x >a. This line x = a is an asymptote of the curve. When 
x = 0, t = 0 and when x = a, t = 7/2. 

.. the required are 
x2 


a dx 
Joao YR = 2g Ys Gee 

2 

2 


re afr? asin? t 


. 2a sin t cos t dt 
0 cost 


1 
12 Tv 5 . 4 
4a?" sin’t dt = 4a? 2 = 4a? 2°2 = S. 
Ke 2r3 2.21 4 
Example 42: 


Find the area of the loop of the curve x = a (1 — 2), y = at (1 - P), 
where -1 Sts 


Solution: 
Eliminating t, we have y? = at? (1 — P)? = x7? 
= x? {1 - (x/a)} = x? (a — xV/a. 
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Therefore ay? = x? (a — x) is the cartesian equation of the given 
curve. To trace this curve’ see Ex. 5, page 7. 


The required area of the loop 
Oo dx 
whee = 2fyge 
when <0, 4% 1 and when x = a, t = 0} 


- at (I~ 12). (~ 2at) dt = 4a?) (0? — 14 dt 

2 fis tsp. {t-4} 3 

4e[ts i] 4a 3° s|* 1s 
Example 43: 


Find the whole area of the curve (hypocycloid) given by the equa- 
tions x = a cos?t, y = b sin’t 


Solution: 
Eliminating t from the given equations the cartesian equation of the 
curve is 


Fig 1.29 
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(way? + (yb? = 1 
he, {(xia)?}"9 + {Qyy}!9 = 1. ~ 
Since the powers of x and-y- area Il even, the curve is symmetrical 
about both the axes. It does not pass through the origin. It cuts the axis 
of x at the points (+ a, 0) and the axis of y at the points (0, + b). The 
, tangent at the point (a, 0) is x-axis. At the point B, x = 0 and t = 1/2n. 
At the point A, x = a and t = 0. 


the required area = 4 = area OAB 


af af? 
= 4) 4 yax = 4 eee Y a: 


0 
= “34 (- 26 i 
4fi. b sin’ t. (—3a cos*t sin t) dt, 
(putting for y and dx/dt) 
2 
12ab iF sin‘t cso*t dt 
lo 


3.1 m3 
$4272 7 3" ab. 


12ab - 


Example 44: 
find the area of the astroid x73 + y*9 = a3 or x = a cos} t, 
sin’ t. 


Solution: 

Do your self. Put b = a. 

The required area = (3/8)n a”. 
Example 45: 

Prove that the whole area between the four infinite branches of the 
tractrix x = a cos ¢ + 1/2a log tan2 1/2t, y = a sin t is equal to the area 
of a circle of radius.a. ¢ 
Solution: 


The parametric equations of the given curvé are x = a cost + 1/2a 
log tan~ 1/2t, y = a sin t. 


This curve is symmetrical about both the axes. 


dx : 1 
We have G> = —asint + >a 
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: a 
=-asint +" —— =-asint+ 57 . 
2sintcos—t = 
2 2 


Also dy/dt = a cos t. 


sy 

ax | dwat 
In this curve y = 0, 
when sin t = 0 
ie, t=0. 


When t — 0, x + -~ and y > 0. 

Therefore y = 0 is an asymptote of this curve. 

In this curve, y is maximum when sin t = 1 ie, t = 1/2, 
When t = 1/2n, x = 0, y = a, dy/dx = 0. 


Therefore at the, point (0, a) the tangent to the curve is perpendicular 
to the x-axis. 


Fig. 1.30 


The shape of the curve is as shown in the figure. 
The required area = 4 x area lying in the second quadrant 
-af aft y a af, Ge, acos?t 
=4f? yax= a4)" y. qian 4f, sine at 
= 4a2le costs B= date = fy 
4a! i; cost Bt = 4a? 5-5, (by Walli’s formula) 


= na? = the area of a circle of radius a. 
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Example 46: 


Find the area included between the curve x= a (t + sin t), y = 
a(1 — cos ¥) and its vase. 


Solution: 


The given cycloid has been shown in the figure. 


Since the curve is symmetrical about the y-axis and its ‘base is the 
line y = 2a, therefore the required area 


' 

t=-n Y 

x= -@n * 
ta 


" 
an 
2a. 


2fr a(t + sin t) a sint dt = 2a f (t sin t + sin?t) dt 


2a {* tsin t dt + 2 [* sin?t dt 


2a t(-cost}; -f 1(-cos] + 4a" inte dt 


= a(x -0)+ f costt| + 4 
0 : 


= 2a? (x + 0) + na’, le f costdt = 0] 
=3na’, 
Example 47: 


' Find the‘area between the following curves and the given radii vectors: 
(i) The spiral rq!? = a; 0 =a 6 =b 


(ii) The equiangular spiral r = ae"; 8 = a, 8 = B. 
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(iii) The parabola I/r = 1 + cos 8; 8 = 0,0 =a 


Solution: 
(i) The required area 
iff 3 Ba? 12 = 
= Lo® (. 16!? = a) 
= * [loge]? = + [loge - toga] 


0 


te log (B/a). 
(ii) The required area of the given curve r = a®™ 
2mo P 
1 fb = 1p? .2m0 yg = 3 pay 
how °° 30" 2” 40 ASL 
(a24m) (e2" — @2™2), 


(iii) The required area 


0 


a hl 2 f——s 
7 ye =F f (1+ 00)? 
putting for r from the given equation of the curve 
wipe tp — 
= 4cos’ — 6 
2 


Now put 0/2 =t 

so that 1/2d0 = dt. 

Also when 8 = 0, t = 0 
and when 8 = a, t = 1/2a. 


1p pa2 
. required area = aff sectt dt 
Lt ees 
wath sec*t. sec?t dt 
-4e hb #71 + tan?) sect dt 


ate? fsec?t + (tan? sec? dt 
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Example 48: 


Find the area of the loop of the curve r = a 8 cos 8 between ® = 
and ® = 7/2. 


Solution: 


The required area 
12 12 
+f P do = +f" a? 6 eso?@ do 


u 


2 


2 + s2 
[© cos? ao = SIP 8 c+ cos 26) 40 


2 pri2 2 px, 
ral 0? do + ah © cos 20 do 


=(2." 2 [o enzo 
4 Near) 2 


Example 49: 
Find the area of one loop of r = a cos 40. 
Solution: 
The given curve is r = a cos 48. 
It is symmetrical about the initial line. 
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One loop is obtained by two consecutive values of 8 for which r 
is zero. We have r = 0 when cos 48 = 0 ie, 40 = — 1/2n, 1/2n ie, 
9 = -n/8, 1/8. Thus two consecutive values of @ for which r is zero are 
— 1/8 and 7/8. Therefore on loop of the curve lies between @ = — 7/8 and. 
7/8 and this loop is symmetrical about the initial line 6 = 0. 


/8 | 
Hence the area of a loop = 2 3P a9 


By 5 
= f a? cos? 40 d0, [-. r= a cos 40] 
/2 
= taf" cos*t dt, putting 40 = t so that 4 dO = dt 
a7 Jo 
ate tle, by walli's formula 
ge -3:7% by Walli’s formu 
= ing? 
= 16 . 
Example 50: 
Find the whole area of the curve r° = a’ cos’® + b? sin0, 
Solution: 


The given curve is symmetrical about the initial line (-- the equation 
of the curve remains unchanged when 0 is changed into ~0), and the 
curve is symmetrical about the line 8 = 7/2 (i.e., y-axis) as the equation 
remains unchanged when @ is changed into (x — @). Also there is symme- 
try about the pole as the equation of the equation of the curve remains 
unchanged when r is changed into — r. 


In this curve r cannot be zero and r is real and finite for all values 
of 6. The figure of this curve is roughly like that of an ellipse. 


whole area of the curve = 4 * area lying in the first quadrant 
x2 
al bf ann 5 (03 3 2 gid 
4 ~ ho 7 do = 2{" (a? cos? @ + b? sin?) dO 
12 12 
= 2a?[""cos?@ 0 + 2b7)"” sin?@ do 
lo lo 

n (a? +b’). 
Example 51: 


Find the area lying between the cardioid r = a (1 - cos ®) and its 
double tangent. 
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Solution: 
Let PQ be the double tangent of the cardioid. Clearly it is perpen- 
dicular to OX i. must be inclined at an angle of 90° to the initial line 
ie, yw = 90° at P. 
Also we know that at any point of a curve, 
yw =0+9. wl) 
Now tan $ = r (dO/dr) = r/ (dr/d®) 
=a (1 -cos 6)(a sin 6), [-. 


= a(l-cos0] 


2sin? to 
= ——_+—— = tan 


T i 8. 
2sin —Ocos—@ 
sin Ocos5 


us 

2 
1 

: = 58. 

Putting the value of in (1), 


1 3 
we get y= 0+ 50-50. 
1 
Since at P, y = Pho 


therefore at P, 30 or 6 = 7/3. 


©. the vectorial angle of the point contact P of the double tangent is 
1/3 i.e., 60°. Substituting this value of @ in the equation of the curve, we 
get the radius vector OP = a (1 — cos 60°) = a/2. 


Thus in the triangle OPM, 


OP = $a, Z POM = 60°, Z PMO = 90° 


) 


1 1 
72 cos 60° = a .yand PM 


ta sin 60° = +a (V 3/2). 


-. area of the triangle OPM = $OM.PM = $(4s) (30/4) = (1/32) 


a? V3. 
Also the sectorial area OPO of the cardioid r = a (1 ~ cos 6) i.e., the 
dotted area 


*, OM 


NiKwle 


1 pes 13, 
=sh rdo= >i} a? (1 — cos 0)? do 
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= 4a? [°?(1-20000+ 2+ 1.00320 Jao 
x /3 
= 4e°[ 30-2sino+ 1 sin29| 
2 4 5 


1 1 
a ($x-v3+dy3) = ae (4x - 7 V3). 


Fig. : 1.32 


Hence the required area (i.e., the area shaded by vertical lines = 2 
[area of A OPM — area of sector OPO] 


=| ba? V3-La2(an- 
=z V3 enn 7V3)] 


als 
76% (IS 3 - 87). 


Example 52: 
Show that the area contained between the circle r = a and the curve 
r = a cos 5O is equal to thrée-fourth of the area of the circle. 


Solution: 
Curve r = a cos 50 has five loops (-. here n = 5 is odd). 
Also putting r = 0, we get cos 56 = 0 


or 56= 4 In or 0 = + w/l0. 


Therefore @ varies from - 7/1 n/10 for, the first loop. Also the 
curve is symmetrical about the ial tine. Further giving values to 
6 from 0 to 27 in r = a cos 5@, we observe that the maximum value 
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ofr is a and hence the curve r = a cos.50 lies completely inside.the circle 
r =a as shown in the figure. 
Now area of the five toops of the curve r=.a cos 50 


=5 times area of one loop 


=f 1a 4 


j-n/102 
5 pxo 

= Sle a? cos? 50 dO 
5. ¢x/to 

=3.2f a? cos? 50 dé 


a2 cos? $ do, 


putting 50 = > 

. so that 5 dO = do; Fig-133 
also when 8 = 0, 6 =0 
and when @ = 7/10, 6 = 


Also area of the circle = m a’. 
*. area contained between the two curves 
= area of the 


= (3/4) of the area of the circle 


Example 53: 
Find the area between the curve r = a (sec © + cos 8) and its 
asymptote. 


Solution: 
The given curve is symmetrical about the initial line. When 6 = 0, 
r= 2a. 
The given equation of the curve can be written as r = a {(1/cos @) + 
cos 0} = a(1 + cos26)/cos 6 
1 __cos8 
* T 7 a(l+eos? 9) ~ FC) say. 


Now f(8) = 0 gives cos 8 = O ie, 0 = n/2. 
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tl 1 xeeitreed 0) -cos0(~2sin@cos®) 


Also f*(@) = (rcost oye wl) 
Putting @ = 7/2 in (1), 


we get f'(n/2) = - I/a. 
1 
asymptote of the curve is r sin (0-4) = 1(-Wa) 
or roos ®@ =aie,r= asec @. 
The cartesian equation of the asymptote is x = a. 
To find the area between the curve and its asymptote. 


Let OQP be a radius vector cutting the curve at P and the asymptote 
r =a sec 0 at Q. Let ZXOP = 6. 


Then the shaded area MAPQM = area OAPO ~ area OMQO, 


0). 3° 

Now area OAPO = Sor 9, for the given curve 
8 

= Af} a? (see @ +c0s 6)? do 


Uy aera 2 
-ife (sec* 6 + cos"6 + 2) dé. 


mS 


Fig. 1.34 
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01 F 
Also area OMQO = fo? d®, for the st. line r = a sec 8 


mp ae) 
~ah a? sec?0 dO. 
the shaded area MAPQM 
O 
= +f a? (sec? + cos?0 + 2) dO 
O 
- a a? sec?® dO 
1/0 
= xf, 2 (cos%9 + 2) 40 
2p fi 
if {1 +cos20) +2} 40 
279(5.1 
5 Oi a de 
i 8 
13 [go+3 28] 
2° 22 ds 


Seis 
= 12e(Ze-sin20) = ie (10 @ + sin 26). 


1 
=a 
2 
1 
=a 
2 


2 4 
Now, we move the point P further off along curve. Its vectorial angle 
goes on increasing and ultimately when its distance from O tends to 
infinity its vectorial angle tends to 7/2. 


Hence, the area between the curve and its asymptote lying above the 
x-axis = limit of the shaded area when 6 — 7/2 


lim a? ; _ ae 1 59 
= 9 > 02 [100+ sin 26] = 7 3" = 37 ar, 
~. by symmetry, the total area between the curve and the asymptote 
= 2+ (Sm a7/8) = 50 a7/4. 


Aliter : The above area can also be easily found by changing the 
equation of the curve to cartesian from. 


The equation of the curve can be written as 
r cos 8 =a (1 + cos” 6) or r cos @ - a = a cos”0 
or P(r cos 0 — a) = ar cos*O, multiplying both sides by r. 
Now putting r cos @ = x and r° = x? + y*, we get 
(x? + y?) (x — a) = ax? or y? (x — a) = ax? - x? (x — a) 
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ory? (x — a) =x? (2a - x), which is the cartesian equation of the 
given curve. 


Now trace the curve with the help of this cartesian equation. The 
curve si symmetrical about x-axis. It meets the x-axis at the point (2a, 0) 
and the line x = a is an asymptote of the curve. Here origin is a conjugate 
point because we get imaginary tangents at the origin. The curve does not 
exist in the regions x > 2a and x <a. It exists only in the region a < x $ 2a. 


Hence the required area 


=2f ydx = 2[" (22) 28=* bn 


(putting for y from the given equation of the curve). 
Now put a + a sin’@ so that dx = 2a sin @ cos @ d0. 
Also when x = a, sin 8 = 
or 0 or 8=0 
and when = 2a, 
sin 0 = 1 or 8 = n/2. 
the required area 


of? «9 9) 0080 5... 

afr (a+ asin? 0) =~ -2asin.cos0 do 
al 

= 4a? (1+ sin? 0) cos? 0d0 


2 7 
= 4a? i (cos? 8 + cos? Osin? 6)d0 


- 4a7[3-2 4h by Walli’s formula 
= 4a2-1.2| = See ge 
4a 22 a ra a’. 


Example 54; 
Find the area of the cardioid r = a (1 + cos 8). 
Solution: 


The given curve is symmetrical about the initial line since ist equation 
remains unaltered when 6 is changed into — 0. 


We have r = 0, when cos @ = — 1 ie., © = x. Therefore, the line 
© = = is tangent at the pole to the curve. Also r is maximum when cos 
6 = 1 ie, @ = 0 and then r = 2a. 


‘When @ increases from 0 to r, 
r decreases from 2a to 0. thus the 
curve is as shown in the figure. 


Now the:required area = 2 x 
area of the upper half of the curve 


afite ae 
=2 era + cos 6)? 48, 
[r= a(1 + cos 8)} 
2 
ea? (* 21 
oa (2008 3° J a 


1 
= 4a? J cost 70. 


Now put 1/26 = 9 so-that 3 = do. 
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Fig 1.35 


Also when 6 = 0, 6 = 0 and when 6 = x, § = 7/2. 


12 
+. the required area = 82?” cos* £ a0. 


= 822 > 


Example $$: 


yo (by Walli's formula = 3x a/2) 


Find the area of the cardioid r = a (1 - cos ®). 


Solution: 


The given. curve is‘symmretrical 
about the initial line. We-have r = 
0, when cos 6 = I i.e, @ = 0. 
Therefore the line 6 = 0 is tangent 
at the pole to the curve. Also r is 
maximum when cos @ = -I ie, 
6 = 7 and then r = 2a. When 0 
increases from 0 to x, r increases 
from 0 to 2a. Thus the curve is as 
shown in the figure. 


The required area 


Fig 1.36 


2f"teae= [7 20 oy? 40 
loa = fp 2c ~ cos 6 
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57 


2 
2 aut 
= ef (2sin? jo) d0 = 4a? ( sin* 78 40 


= 802 |" sint $ do. 


[pusing +0 = $50 that 3a = d@ and adusting the tins] 


Fle 


Example 56: 


Show that the area of the limacon r = a + b cos ®, (b < a) is equal 


1 
to “Gs +30? } 


Solution: 

The given curve is symmetrical about 
the initial line. 

We have r = 0, when cos @ = — a/b 
i.e, ® = cos! (— a/b) which is not real 
because a> b. Thus, in this curve r cannot 
be zero Also r is maximum when cos @ = 
1 i.e, @ = 0 and then r = a + b. Again r is 
minimum when cos 6 = - | i.e., @ =m and 
then r = a — b which is positive. Some 
values of r and © area as follows: 


) 0 ae 5m 


1 
r a+b a+zb a 


Hence the curve is as shown in the figure. 
-. the required area = 2 x area above the initial line 


= oft ao = fF +b cos 0) a0, 


putting for r from the given equation of the curve 


= JF (@ + 2ab cos 0 + b? cos?@) a9 


2 px 
= 2°[6]5 + 2ab[sine]5 + ai (1 + cos 20) do 
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2 2207" 
~Pn+o+ Elo. 822) 


2 Io 
2 
want on =n (# +207). 
Note: If we put b = a or — a, we get the area of the cardioid r = a (1 
+ cos®) or r = a (1 — cos 8). 
Example 57: 


Prove that the sum of the area of the two loops of the limacon 
r=a+bcos @ (b> a) is equal to x (2a’ + 6)/2. 


Solution: . 
The given curve is symmetrical about the initial line. We have r = 0, 
when cos @ = — a/b i.e., 8 = cos"! (- a/b) = a, (say). Since cos a is -ive, 


therefore 1/21 < a <x. 


Fig 1.38 
Now r is maximum when cos @ = 1 i.e., @ = 0 and then r = a + b. 


Also r is minimum when cos @ = - | ie, 8 = x and thenr =a-—b 
which is negative because b < a. Some values of r and 6 are as follows: 


8 0 1/30 22 a a<@<nx n 
roatb a+ I/2b a 0 -ive a-b 
Thus, the curve is as shown in the figure. For the upper half of the 


larger loop © varies from 0 to a i.e., cos"! (—a/b) and for the lower half 
of the smaller loop 6 varies from a to x. 


required sum of the two loops 
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= [fare fare] 

-2f° ze 8, by a property o definite integrals 
" 

= = 2 
fF 2 40 = [* (a+ b cos 07 do 

= [F @ + 2ab cos 0 + b? cos? 8) do 

= [* 240 +2ab[™ cos 0 do + b?{™ cos? a9 
10 10 0 


= a°[a]% +0 + 267 fF" cos? 40 


2 211 e213 
=a? 2 == Figen 
ant 2b" 5-50 an zbn 


at 2 4. H2 
= 3 (2a + b*). 


Example 58: 
Calculate the ratio of the area of the larger to the area of cod smaller 
loop of the curve r = 1/2 + cos 20. i 


Solution: 


The given curve is symmetrical about the ine. In the given 

equation of the curve r = 1/2 + cos 20 putting r = 0, we get cos 20 = 
= 1/2 4e.320 = + 20/3 or + 47/3 i.e., @ = + n/3 or + 20/3. 

The greatest radius vector of the loop lying between @ = —"I/3n and 
8 = 1/3x is given by @ = 0 and it is equation to 3/2. The greatest radius 
vector of the loop lying between 6 = 1/3 and @ = 2/37 is given by 
6 = 1/2n and its numerical values is 1/2. 

Thus, we ovserve that the larger loop lies between © = -n/3 and 
@ = 1/3 and it is symmetrical about the initial line @ = 0. 

Also the smaller loop lies between 8 = x/3 and 0 = 27/3. 


Hence Area of the Larger Loop 
2 
of? 32 ag - (73( 1 
=2]) 5P a= f (+5020) 40, 
putting for r from the given equation of the curve 


= IP (J +c0820+ co? 20) 40 
0 \4 
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a har +c0s20+ ia + coes0)| 40 


5 x3 
0+ 5sin20+ 5 nt0) 


lo 


Fig 1.39 
Area of the Smaller Loop 


(lying between @ = 1/3 and @ = 2n/3) 
2 
2n/3 | 1 p2n/3 1 

= Jus 7h 8 sis (}+ cos20) do 
‘ . 20/3 

1f3 Tes 1 sin46 

= >] =0+-=sin20+—, S048 
33 +3" +3 i 
as in the Ist case 


28-4] 
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_ (2x-33) 
6 
Area of the larger loop 


+ the required ratio = Area of the smaller loop 


1 4 
164743) x4 3V3 


2n-3V3" 


é = 
--(2"-3V. 
162" 3V3) 


Example 59: 
Show that the area of a loop of r = a cos nO is x a’/4n, n being 

integral. Also prove that the whole area is x a7/4 or x a°/2 according as 

1n is odd or even. 

Solution: 


The number of loops in r = a cos n@ will be n or 2n according ad n 
is odd or even. 


The given curve is symmetrical about the initial line. 


Also putting r = 0, we have cos nO = 0 ie., nO = -1/2z, l/2n ie, 0 
= -n/2n, x/2n. Thus two consecutive values of 6 for which r is zero are 
—w2n and n/2n. 


“. one loop lies between 6 = —1/2n and @ = 2/2n and it is symmetri- 
cal about the initial line @ = 0. 


Qn] 


it 
J. area of one loop = 2. f° ">? do, (By symmetry) 


= PP a0 = f°"? cos? n0 a0. 
lo 0 
Now put nd = t 
so that n dO = dt. 
Also when @ = 0, t = 0 
and when @ = n/2n, t = 7/2. 
.. the area of one loop 
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Now if n is odd, the total number of loops will be n and the whole 
area = n x of one loop = n (na2/4n) = 1/4z a?. 


If n is even, the total number of loops will be 2n and then the whole 
area = 2n x area of one loop = 2n x (ma7/4n) = 1/2n a’. 
Example 60: 

Find the area of a loop of the curve r = a cos 30 + b sin 30. 


Solution: 
In the given equation of the curve put a = k cos a, b = k sina 
so that k = V (a? + b?) and a = tan-I (b/a). 
Thus the given equation reduces to 
r =k cos 36 cos a + k sin 30 sina 


1 
or r =k cos (30 - a) = k eos 3 (8-24), 


Now rotating the initial line through an angle /3, the given equation 
of the curve becomes 


=k (o+ta-4a) = 30. 
r=kcos3 3 3 =k cos 30. 


It should be noted that the rotation of the initial line changes only the 
equation of the curve and has no effect on its shape. Therefore the area 
of a loop of the given curve is the same as the area of a loop of the curve 
r=k cos 30. 


Thus curve r = k cos 38 is symmetrical about the initial line. 
Putting r = 0 in it we have, cos 30 = 0 ie, 30 = + 1/2 ie,0=+ 1/6. 


«. one loop of this curve lies between 0 = — 7/6 and x = + 7/6 and 
it is symmetrical about the initial line. 


2/6 | 
*. the required area = 2f, a0 dé, (By symmetry) 


= [°K cos? 30 40, 
Now put 30 = t, 
so that 3 dO = dt. 
Also when 0 = 0, t = 0 
and when 6 = 7/6, t = 7/2. 
.. the required area 
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2px, ’ 2 
== cos" t dt = 
3 40 12 4 
= (a? + b?) w/l2 
(= a? + b?), 


Example 61: 
Trace the curve r = V3 cos 30 + sin 38, and find the area of a loop. 


Solution: 
The given equation of the curve is r = V cos 30 + sin 30 


ty. 
= 24(V3/2)cos30+— 20} 
2{( ) cos 36 + 5 3in30, 
= 2{sin 2/3 cos 30 + cso n/3 sin 30), 
ls sina /3= 3/2andcosx/3= 3] 


= 2 sin (30 + 2/3) = 2 sin 3 (6 + 7/9). 

Now turning the initial line through an angle -7/9 the given equation 
of the curve becomes r = 2 sin 3 (8 — 2/9 + /9) = 2 sin 30. 

Now we shall trace the curve r = 2 sin 30. ; 

This curve r = 2 sin 30 will have 3 loops and is not symmetrical 
about the initial line. Also putting r = 0, we get sin 30 = 0 ie., 30 = 0, 
tie, 8 = 0, 1/3. 

Therefore, the lines @ = 0 and 6 = 7/3 are tangents to the curve at the 
pole and one loop of this curve lies between these two lines. For this loop 
r is greatest when sin 30 = | i.e., 30 = 2/2 i.e, @ = 1/6. Thus, this loop 
bends at 6 = 7/6 and there r is equal to 2. 

Here one loop of the curve lies in the region 0 < @ < 7/3. one loop 
lies in the region 7/3 < © < 27/3 and one loop lies in the region 27/3 < 
8 <x. If @ increases beyond x to 2x the same branches of the curve are 
repeated and we get any new branch. . 

Here a = 2. 

Now to get the location of the given curve turn the initial line back 
to its original position i.e., turn the initial line through an angle 7/9. 

The required area or a loop 


6 > 
= JP 4 sin? 30 do 
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aI6 
= 2)" (1 ~ cos 68) do 


- Example 62: 
Find the area common to the-circles r = a V2 andr = 2a cos 8. 


Solution: 

The given equations of circles area r = a V2 and r = 2a cos 0. The 
first equation represents a circte with centre at pole and radius a V2. The 
second equation represents a circle passing through the pole and the 
diameter through the pole as the initial line. Both these circle area symmetrical 
about the initial line. Eliminating r between the two equations, we 
gave at the points of intersection a /2 = 2a cos 8, ie., cos 8 = 1/ 2, 
ie, 0 = + a4. 


Fig 1.40 


Thus at P, © = 2/4. 
For the circle r = 2a cos @ , 


at O, r = 0 and so cos 6 = Oie,O= 3H, 


Now the required area = Area OQAPBO 
= 2 (area OAPBO), (by symmetry) 
= 2 [Area OAP + Area OPBO] 
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Z [i 170, for the circler = a2 


+240? £248, for the circle r= 2acoso| 
2s 


= [Go v29 40 + fir ea cso 6)? d0 
Example 63: 


Find the area outside the circle r = 2a cos 8 and inside the cardioid 
r=a/(I + cos 8). 


Solution: 

The two curves intersect where 2a cos @ = a (1 + cos 8) i.e., cos 
= 1 ie, @ = 0. Besides this the two curves also intersect at the pole 
r = 0. Since for all values of 6, 2a cos 6 i.e, acos8+acso@<a 
(1 + cos 8), therefore the circle lies entirely within the cardioid. 


Fig 1.41 


Hence the required area 
= Area of the cardioid — Area of the circle ...(1) 
Now area of the cardioid 


«1 
=2), 79 d0 
= fF 2 C+ cos 6 do 


of" ol 
22) 4 cost 50 do 
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M2 
= 827 /"" cost § 40, 
(puting 20 =$20 that 3. €8 = d@,also when 0 = 0, 


#=Oand when 0=2,4= 2) 


sol sy y 

rar- Sy Van 2 
= 8a—2_2 = g,2 22 _ 3a 
8a’ or Bar . 221 2 


And area of the circle = x a*, because the radius of the circle is a. 
1 
Form (1), the required area = 3 naa 3 a, 


Example 64: 
Find the total area inside r = sin @ and outside r = I — cos ®. 


g T between the given equations, we have sin @ = 1 — cos 
8, or sin? 8 = (1 — cos 6)? = 1 + cos*@ — 2 cos 6, 
or 1 ~ cos*@ = 1 + cos?@ - 2 
cos 8, or 2 cos @ (cos @ - 1) = 0. 
cos 8= 0 or cos@=1 ie, 0 
=0 or n/2. Thus, the two curves intersect 
at the points where 6 = 0 and @ = 2/2. 
Draw the two curves in the same 
figure. The first curve is a circle passing 
through the pole and the diameter 
through the line @ = 2/2. The second 
curve is a cardioid. 


: 1 pxi2 
cs required area = oh P40, 
for the curve r = sin @ 


/2 
-if P d®, for the curve r = 1 ~ cos @ 
1 pri2 /2 
-3f sine 40 — > (1 ~ cos 0)? dé 


= 3? (sin? © — C1 — cos 09%) a0 
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nl2 
= A fF" sin cos 0 ~ cos?) 48 


Example 65: 

Find the area common to the circle r = a and the cardioid r = a 
(1 + cos 8). 
Solution: 


Eliminating r between the given equations, we get a (1 + cos @) = a 
or cos @=0or @= + w/2. 


Thus, the two curves cut each other at the point where 8 = + 1/2. 


‘Both the curves are symmetrical about the initial line and have been 
shown in the same figure. 


Fig 1.43 
Hence the required area = 2 x area ABCOA, [By symmetry) 
= 2 x (Area OABO + Area OBCO) eI) 


1 per 
Now area OABO = ahs P d0, forr=a 


a tpt? ayn 1 12 
=3°f do 2*18)5 
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lee 
And area OBCO = J”, 7 d8, for = a (1 + cos 6) 
1 
= ahs a? (1 + cos 0)? d@ 


= 527 J), (1 + 2c0s 0 + cos?e) 40 


3 
=ta?f®, {1+cose++(1+c0s20))} 40 
2° dea 2 
13% 3: 1 
lage (3 fa 
33 = (F+2e0s0 3c +0820 a 
Be2sino+ S22]! 
2 x2 
3a) 
2 4 
(3n - 8), 


Hence form (1), the required area 


-f EL on- | - # (#-2). 
Example 66: 


Find the area of the portion included between the cardioids r = a (1 
+ cos Q) and r = a (I ~ cso 8). 
Solution: 


Eliminating r between the given equations, we get a (1 + cos 0) =a 
(1 - cos @) or 2 cos 8 = 0 ie., 8 = + n/2, showing that the two curves 
meet at the points P (8 = 2/2) and Q (6 = - 0/2). Also by symmetry it 
is clear that the required area = 4 x area OLPO, where OLP is an arc of. 
the cardioid r = a (1 — cos @) 


W215 W215 
= afl SP do = 4 JP" 5a? (1 - eso 0)? 40 
2 
= 22?["" (1 ~ 2 cos @ + cos?6) d0 


= 2a? aM °[1-20080+ 111 +0826) ao 
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r=a(l-cos 6) 


|= 


r=a(l +cos 6) 


Fig 1.44 
= 20°] 39-2sino+ 4 sn26] 
2 4 


= ne 
me G . 2). 
Example 67: 
_ Find the ratio of the two parts into which the parabola 2a = r 
(1 + cos ) divides the area of the cardioid r = 2a (I + cso ®). 


lo 


ting r between the given equation of the curves, we get 
2a (1 + cos 0) = 2a/(1 + cos 8) or (1 + cos 0)? = 1 
or cos 6 (cos 6 + 2) = 0 or cos 8 = 0, [-. cos 8 # - 2] 


or @ = + n/2. Thus at the point of intersection P of the two 
curves,@ = 7/2. 


Now area of the whole cardioid 
1 px 
=2 xf) P do, (by symmetry) 
= JF 42? (1 + cso 0)? do 
= 422" (20s? 10) 40 16:f* cost 10.40 
a cos’ z : aa cos 4 


= 1622 ["” cost $.2 do, 
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(puting 10 = 450 that 5-40 = do;also when 6 = 0, 


$=Oand whend =2,4= 1) 


> 


= 320 255 = ona: 0) 


1 pxi2 
‘Area OACPO = oh ? d0, for the parabola r = 
1 gg(7™?__40__ 
2h (1+0s6)? 


a1 pt? 21 21 
s*f, (1+tan 0) sec? 50 a0 


a 
1+cos® 

2 

az pra gd 
oS sect 70 do 


+2) 


RO 


6=0, r=a. 


Fig 1.45 


1 
Also area OPBO = >", 17 d0, for the cardioid r= 2a (1 + cos 0) 
ips 
ond ES 4a? (1 + cos 8)? do 
= 2a", [1 +2 cos 0 + cos? 9] do 
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=222{" yt ) 
2 (1+200s0+ 1+ }.cos20 rr) 
_ 5,93 : ts i 
= 2a°| —@+2sin@ +—sin20 

2 4 iy 
s 3 2 2 
= pra - 4a. (3) 


Adding (2) and (3) and multiplying by 2, we get the whole area 
included between the two curves i.e., the area of the smaller portion of 


the cardioid 
=2 [$2 (3a? -«)| = #[3n-'8] 


1 
= 32° [9x - 16). wf) 
Also the shaded area (i.e., the area of the larger portion of the cardioid) 
= (Area of the whole cardioid) — (unshaded area) 
ie, = (1) - (4) 
= 6na?— a (9x-16)= (9x +16). (5) 
Ratio of the two parts 


Larger area 


~ Smaller area ~ 


Example 68: 

O is the pole of the lemniscate r? = a” cos 20 and PQ is a common 
tangent to its two loops. Find the area bounded by the line PQ and the 
area OP and OQ of the curve. 


_ Solution: 
The given curve is symmetrical about the initial line and also about 
the pole. The curve consists of two loops as shown in the figure. 
From the figure it is clear that the common tangent to the two loops 
of the curve i.e., the line PQ is parallel to the axis or x. Thus, the tangent 
PQ at the point P makes an angles x with the x-axis ie, y = 7 at P. 
Now differentiating the given equation r° = a? cos?0, we wet 


dr 3 ; dr _ a? sin20 
2rgq ~ 8 C 2 sin 26), or oo - : 


n. Application of Integral Calculus 


fang Sees mr __ a? sin20 
dr a*sin2@ _ a? sin26 


=~ cot 20 = tan( 22 +20). 


Fig 1.46 


But for any point of the curve, 
1 1 
= =n+20] = — 
y o+e+(3 ) 3% t 38. 


1 
Since at P, wy = 1, therefor at P, = yt 3 or 6 = n/6. 
Thus the vectorial angle @ of the point P is 7/6 and the radius vector 
OP is given by OP? = a* cos {2/6)} = 27/2. 
¥ OP = a¥2. 
Also putting r = 0 in the equation r = a? cos 20, we get 
cos 26 = 0 or 20 = + n/2 or 8 = + 2/4, 
Thus 6 = + 7/4 are the tangents at the pole to the curve. 
Now the require area (i.e., the dotted area) 


= 2 [area of the AOPM - area of the segment 
OPSO of the curve P = a? cos 20] 


= 2| Lom.o - f°" 1,240, for the curve r? = 2? cos26| 
2 iw 2 


=2 4{oP?sin tx) ( oPcosin)- fit? cos28 
2 6 6 eh 2 
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1 11 a2(sin29)™ 
=2 40? sin ncosi x 2( 2828) | 


= 22 
=2 pe 18 t(-8) 

2222 4 2 

3 V3] _ 2a? 2 4 
=| 8 3] Fg v5 -4+2V3) Zos 4). 


Example 69: 

Find the area of a loop of the curve r = a sin 30 outside the circle 
r = a/2 and hence find the whole area of the curve outside the 
circle r = a/2. v 


Solution: 

Eliminating r between the two given equations, we get (a/2) = a sin 
30 ie, sin 36 = $ ie., 38 = 2/6 or Sx/6 
te, © = w/I8 or Sx/18 i.e., 8 = 10° or 50° 


Thus the loop of the curve r = a sin 3@ lying between q = 0 and 
© = 7/3 intersects the circle r = a/2 at the points B and B' where @ = 10° 
at B and @ = 50° at B’. This loop is symmetrical about OA and 6 = 7/6 
at A. 


‘ Fig 1.47 


4 Application of Integral Calculus 


Now the required area of a loop of the curve r = a sin 36 lying 
outside the circle r = a/2 = the area BAB' CB 


(ie., the shaded area) 
= 2 x area BACB, (by symmetry) 


= 2 = [(area of the curve r = a sin 30 between 
the radii vectors OB and OA i.e., @ = 7/18 and @ = 7/6) — (area of the 
circle r = a/2 between the radii vectors OB and OC i.e., 8 = 6/18 and 
0 = 1/6)] 


1p 
= xf r? dO, for the curve r = a sin 30 
x/18 


ao jad 140, forte crcler =] 


4 


Ji" a? sin? 3040-["* © a0 
RNS nl 4 


a2 pxi6 at 
FS Sing (120860) - 015 f 


2 6 Jans 4 

a? [fx sna} xii. x} ain 
z- -{—-ssin=}|-——.2 

2 6 18 6 3 49 


“le 


= © 435 
= yylan+ ]. 


Again the curve r = a sin 36 has 3 equal loops 
(«n= 3 which is odd). 
whole area of the curve r = a sin 3@ outside the circle r = a/2 
3xarea BAB' CB i.e., 3 times the shaded area 


u 


xia wage 
3 352° [2x +33] a? [2m +343]. 


Cartesian Equations Changed to Polar. Form 
Sometimes it is convenient to find the required area if the given 
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cartesian equation of the curve is changed to polar form by putting 
x =rcos @ and y = r sin 0. 
Example 70: 
Find the area of a loop of the folium 
x + y? = 3axy. 


Also prove that the area included between the folium x? + y= 
and its asymptote is equal to the area of its loop. . 


Solution: 


Changing the equation of the curve x? + y> = 3axy into polar form 
by putting x = r cos 6 and y = r sin 8, we have 


(r cos 6) + (r sin 0)’ = 3a (r cos 6)x(r sin 6) 
or r = 3a cos @ sin 6/(cos*@ + sin°6). ol) 
From (1), r = 0 when @ = 0 and when @ = 7/2, 
the loop lies between 6 = 0 and @ = 7/2. 
Hence the required area of the loop 


zg \2 
Lp? 1 p*2( 3acos@sin@ 
== r?d@ = — ——— | 4 
if ah (Ses3) 


2 
_ 9a (e cos? 6 sin? @ 

2 0 (cos? 0 +sin? 0)? 

_ 9a? pr/2 tan? @ sec? @ 
“2 40 (i+tan30y? 

dividing the numerator and the denominator by cos® 8. 
Now put | + tan? = t 
so that 3 tan?@ sec?@ dO = dt. 
Also when @ = 0,t = 1 
and when 0 > n/2, t > &. 


Now to find asymptotes of the curve x? + y> = 3axy, putting y = m 
and x = | in the highest degree terms, we get $,(m) = m> + 1. The only 
real root of the equation $,(m) = 0 i.e., m+ 1 = 0.is, m 1. Also 
$,(m) = —3am. For m = —I, ¢ is given by (3m?) ~ 3am = 0. Therefore, 
c = -a when m = -1. 


16 Application of Integral Calculus 


Hence y = -x -a is the only real asymptote of the curve. Changing 
to polars, the equation of the asymptote x + y + a = 0 becomes r = —a/ 
(cos 6 + sin 6). Considering its cartesian equation we find that the asymp- 
tote makes an angle 3n/4 with the axis of x. 

We shall now find the area between the curve and its asymptote. We 
shall first find the are between the curve and its asymptote lying in the 
second quadrant. 


Fig 1.48 

Let P be any point on the asymptote for which the vectorial angle @ 
lies between 3x/4 and 7. Join OP. As the point P tends to infinity along. 
the asymptotes, @ —» 3/4. Now the area included between the folium (1) 
and its asymptote lying in the second quadrant 


lim 
= @-+3x/4 [{sectorial area between the 
asymptote and the radii vectors 6 = 6 and 0 = x} — {sectorial area between 
the curve and the radii vectors 8 = @ and 6 = x}]. 


lima pn 
=033n ral ff40,.0 the sssymptate} 


1px, 
- {i Ser 0, for the cure} ] 
a (fg ci _ 9a? px_sin? cos? dd 
2 “8 (cosO+sin0)? 2 “8 (cos? @ + sin? @)? 
tim [2 [. sec? 049 


= 0 3n/4/ 5 
2 40 (1+ tan@)? 


tim 
bad ol 


iding Nr. & Dr. by cos?@ 
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3tan? @ sec? @d0 
(1+ tan? @)? 


\ 2 x 2 * 
=0>3n/4 ={- J } -£(-— 5) 
2\ J+tan6J, 2 \ 1+tan3 0), 


i} 2 2 
=o-an/4 = (-1+ u )}2(-—is-) 
2 1+tan6) 2 \ 1+tan? 6 


=O ons4 (aan) 2 __tan3 @ 
2\i+tand) 2 | 1+tan30 


= (dividing Nr. & Dr: by ca) 


lim 2k = 2 3 
=0-> 30/4 a tan 0(1 — tan6 + tan? 6) + 3tan? 6 
2 (i+ tan? 6) 
hi 2 3 2 
=O 30/4 a? 2tan? @+tan* 6 -tanO 
2 1+tan?6 


tim fa? (1+ tan6)(2 tan? @- tand) 
= 0+ 3n/ 419 (14 tan6)(1 — tanO+ tan? 6) 


err Di nce) ae iB 2 
[2 1-tan@+tan?6 2 2 

Since the given curve is symmetrical about the line y = x, therefore, 

the area between the curve and the asymptote lying in the fourth quadrant 
is also equal to a°/2. Also the area lying in the third quadrant, being that 


1 
of a triangle, is > OB.OC ie, $e 


Hence the required area between the curve and its asymptote = 


1 1 
+ ris + 37 = (3/2)a? = the area of the loop of the curve. 


Example 71: 
Find the area of a loop of the curve x‘ + y* = 4a’xy. 


Solution: 
Changing the equation of the curve x* = y‘ = 4a? xy into polar from 
by putting x = r cos 6, 


y =r sin®, we have 


8 : _ Application of Integral Calculus 


r(cos*@ + sin*®) = 4a’? cos® sin® 
or P = 4a? sin © cos@/(cos*6 + sin*®). wl) 
From (1), r = 0, when sin® = 0 
or cos ® = 0 ie, 8 = 0 or 7/2. 
a loop lies between 6 = 0 and x = 6/2. 
Hence the required area of a loop 


ott tic ip? 4a? sin®@cos® 


d0, from (1 
2/0 0 cost @+sin4 @ ) 
2 2 
=2a? f* tan @sec* 0 8 49 40, 
“T+ tant 


dividing the Nr. and Dr. by cos*®. 
Now put tan?6 = t 

so that 2 tan sec?O d@ = dt. 
Also when @ = 0, t = 0 


and when 6 — 7/2, t > ». 
the required area 

2 dt ne gd 

= a?f =” Pftan”'t}5 


= a%{tan"! co — tan!0} = a%(n/2). He 9, 


Example 72: . 
Find the area of a loop of the curve (x? + y*)? = 4axy’. 


Solution: 
Changing to polara by putting x = r cos @, y = r sin @, the equation of 
the curve becomes (r?)? = 4a (r cos 8) (r sin 6)? or = 4a cos qsin?q.  ...(1) 
From 91), r = 0 when sin? @'= 0 or cos @ = 0 i.e., 6 = 0 or n/2. 
<. a loop lies between @ = 0 and 0 = x. 
Hence the required area of loop 
1 pz 


a iat 
3h d8 


« jo t6a? fr" cos"@ sin’@ d®, from (1) 
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Example 73: 

Find the area of a loop the curve (x? + y°)? = 4xy’. 
Solution: 

Do your self. 

Here a = 1. 
Example 74: 

Prove that the area of a loop of the curve 

x6 + yh = ax’? is x 7/12. 

Solution: 


Put x = r cos 6 and y r sin @ to change the equation of the curve into 
polar form. Then the curve becomes 


r° (cos®@ + sin®®) = a’r* . cos?6 sin?6 
or P = a? sin?@ cso*@(cos*@ + sin® 6). () 
From 91), r = 0 when sin?6 = 0 or cos?@ = 0 ie, 0 = 0 or x/2. 
“, a loop lies between @ = 0 and 0 = 7/2. 
hence the required area of the loop 
= +f "2 40 
_ 4 x/2 a? sin? 6 cos? 0d0 
“240 cos 0+ sin® 0 
_ 1 p*/ tan? Osec? 6 
240 “1 +tan°O 
Now put tan?0 = t 
so that 3 tan? sec?@ dO = dt. 
Also when 6 = 0, t= 0 
and when 6 - 7/2, t > @. 


from(1) 


d0, dividing the Nr. and Dr. by cos® 0. 


. the required area = “co = fran of 


$a?[tan~t o-tan! 0] 


da? (n/2) = $m. 
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Example 75: 
Find the area of a loop of the curve x* + 3x*y° + 2y4 = a’xy. 


Solution: 


Put x = r cos @ and y = r sin @ to change the equation of the curve 
into polar form. Then the curve becomes 


1 (cos + 3 cos?@ sin? @ + 2sin* ®) = a°r* cos @ sin 8 


ae ae a? sin@cos® A) 
cos' @ + 3cos? Osin? @+2sin* 0’ 

From (1)), r = 0 when sin 8 = 0 or cos 6 = 0, i.e, 6 = 0 or n/2. 

*. a loop lies between 8 = 0 and @ = x/2 


Hence the required area of the loop 


1 pra 1 pr a? sin® cos@ dO 


=sf rdo=— f 


2 bo 2 +0 cost + 3c0s*@ sin?@ + 2sin'@ OM (1) 


2 px/2 2 
=p pane dividing the Nr. and Dr. by cos40. 
2 70 1+3tan? 6+2tan* 6 
Now put tan? @ = t 
so that 2 tan sec? @ d @ = dt 
and the new limits are t= 0 tot = %. 
a2 px dt 
“. the required area = <—{° 
e required area = J, 7a 
2S a 
4 °O (141)9(1+2t) 


2 pol 2 
> a jdt, 
f&- a) by partial fractions 
e (a2 
| log = 
4 rst J], 


a? 1S otogl O10+2} _a@ [i=(4224)] 
4 (/petf 4 +t Jhreo 


U3 La) ly 
7? [log(2/1)] - 7? [log(1/1)] 7 log2. 


= = [log(1+2t)-log(1+t)|> = 


Example 76: 
Prove that the area of a loop of the curve * + = 5ar*y is five 
times the area of one loop of the curve ° = a cos20. 
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Solution: 


Changing the equation of the curve x> + y* = Saxy? into polar form 
by putting x = rcso 6 andy =r sin 6, we get 


F (cos* 8 + sin* 6) = Sar* cos? @ sin? @ 
or r =a sin? 6 cos? 6/(cos® 6 + sin? 6). (1). 
From (1), r = 0 
when sin? 6 = 0 
or cos?® = 0 ie. 
when @=0 or 0= 7/2. 
.. The loop of the curve (1) lies between 8 = 0 and 6 = 7/2. 
Hence the required area of the loop of x° + y° = Sax’y? 


x 3 [7 a0 


fc 2 25a? sin* Ocos* 0 


0, from (1) 
lo (sin? O+cos*@)? 


i 
2 
Dee? Sab tent 2 
= 25a"? wan” Osco" 049 ividing the the Nr. and Dr. by cos", 
2 40 (tan> 6+ 1)? 
Now put tan°0+ 1 =t 
so that 5 tan’ sec? dO = dt. 
Also when 8 = 0,t = 1 + tanO=1 


and when 0 > 7/2, t > x. 


25a? pe idt _ Sa? p> 1 


24s 2 do 


The area of one loop of the curve 


1 
5 a° (Deduce it here). 


Thus the area of a loop of x> + y* = Sax"y? 


=s (ie) 


[area of a loop of r = a? cos 26). 


P =a? cso 20 = 
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. Example 77: 
Prove that the area of the loop of the curve x3 + y> = 3axy is three 
times the area of loop of the curve r°-= a’ cos 20 (lemniscate). 


Solution: 


3 
The area of a loop of x? + y? = 3axy is 5e. (Find it here) 
And area of a loop of the lemniscate, 

L 
2 
Clearly area of the loop of x° + y? = 3axy 


ae 3:7) 
=3e 3(4s 


= 3 (area of a loop of r° = a? cos 2n). 


P = a? cos 20, is =a* (Find it here) 


Area of the Closed Curve 


If a closed curve be given by the equations x = f ()), y =f (), t being 
the parameter, then its area is given by 


Lpta( dy dx 
24, (¢ y)a 


where t, and t, are the values of t such that the point travels completely 
once round the curve in anti-clockwise direction. 


, 


Af 
Fig 1.50 


Suppose that the curve does not cut itself. Let P and Q be two 
neighbouring points on the curve. Let the cartesian Co-ordinates of P and 
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Q be (x, y) and (x + 5x, y + dy) respectively and their polar Co-ordinates 
be (r, 6) and (r + 5r, 6 +56) respectively. Suppose that a point has to 
move anticlokwise in travelling from P to Q along the curve i.e., the area 
falls on the left of an observer travelling along the curve from P to Q. 
Now area of A OPQ = zor -OP -sin < POQ 
1 
=or x(r + Sr) sin 56 


‘“ 3? 80, neglecting higher powers of 6r and d0. 


1 0 0 
Again the area of triangle OPQ = + 1 x y 
1 x+8x y+6y| 


[x(y +8y) -y(x+3x)] = FfxBy-yby], 


Thus the area of A OPQ = 31760 Fy 4 (ay -y6x). 


. Tp og 1 
Hence the required area = 3J 1240 3] (xdy - ydx) 


the limits of integration are those values of t so that the point P(x, y) 
returns to its initial position. 


Notes: 


1. The area is positive or negative according as the direction of rotation 
is anticlockwise or clockwise when point P moves from P to Q i.e., 
the area is tive or -ive according as the area lies to the left or right 
of the point moving on the curve in the direction in which t increases. 

2. Suppose the curve crosses itself 
so as the form a figure of eight as 
shown in the figure (i). Here two 


loops are described; one loop lies 
on the lift while the second lies on 
the right the direction in which t A, 
increases. Thus the above formula 
will given us the difference of the 
areas of the two loops. Hence to 
10) 


find the whole area in this case, 
we should find each area 
separately and then find their sum. 


(ii) 
Fig 1.51 
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But if the curve cuts itself as in [fig. (ii)] then the area given by the 
above formula will be the sum of the area of the two loops i.e., the area 
so obtained will be A, + Aj. 


Example 78: 
Find the area of the ellipse x = a cos t, y = b sin t. 


Solution: 

The ellipse is a closed curve and is completely described when t 
varies from 0 to 2n . 

Also (dx/dt) = — a sin t and (dy/dt) = b cos t. 


a xthiy® = ab (cos?t + sin*t) = ab. 


hence the required area 


“at: By Slax 
=sf “ab dt = Fable] 


= Tae = nm ab. 


Example 79: 


Show that area of the loop of the curve x = a (1 - °), y = at 
(=e), -1 sts 1, is 80/15. 


Solution: 

Here x and y both vanish when t = — | and then again when t = 1. 
When — | <t< 1, x is always positive, but y is positive when t is tive, 
and negative when t is -ive When t = 0, x = a and y = 0, Also by giving 
values to t equal in magnitude by t opposite in sign we observe that for 
each value of x between 0 and a there area two equal and opposite values 
of y. 

Thus a loop (symmetrical about x-axis) is obtained as t varies from 
-1tol. 


*. the required area of the loop 


. =3f (2 at ya 


= $f) lad 2 (a ~3a?)- and =P )(2ay fet 
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-2 f (1-3? -P 43420? = 214 ]at 
al + 2 
1 
ee iiaa te tyd a te 
rl. 21? +14 pdt =( ts 
aa 
1S 
Example 80: 
Find the area of the loop of the curve 
asin30@ ——_—asin30 
sind” cosd 
Solution: 
Here x and y both vanish when @ = — 7/3 and then again when 


@ = n/3. When — x/3 < 6 < 0, x is tive and y is -ive, when 0 < 0 < 
n/3, x and y are both positive; and when 8 — 0, x — 3a and y — 0. Also 
we observe that for each value of x between 0 and 3a, there are two equal 
and opposite values of y . Thus, a loop is formed between 6 = — 2/3 and 


@ = x/3 and it is symmetrical about x -axis. 


Note: 
Obyiously tan @ = y/x. Also 


in? 0) 


or x (x? + y*) =a (3x? — y’) or y? (a ¢ x) = x7 (3a - x). 


Thus, the cartesian equation of the above curve is y? (a + x) = x? Ga 
- x) and x loop is formed between x = a and x = 3a, and 


x = ~ a is an asymptote] 
the required area of the loop 


al 
ee ery 

ie? asin30 cet en nen 
2/-n/3| sin8 cos? @ 


_ asin3@ | 2 Snes ei sn 82280 ap 
cs08 sin? 
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d8 


ce sin? 30 9 = a? px/3 (3sin@ - 4 sin> 6)? 
4 4-2/3 (cos? Osin? @) 4-2/3 sin? cos? 6 


we a 3 Go =4sin? 0) gy _ a? *3 {3-4(1~c5070)}? 4g 


73 cos’ 4 +23 cos? 6 
i (4cos? 8-1)? 
-n/3 cos? @ 


208 og pe eect 
7 do = 2 J (165070 -8 + sec? 0)d0 


2 
az 


-2{* [8 + cos20)-8 + sec? 0] 40 


& JF" [80s20 + sec? odo 


= © (4sin20 + tn6]f” 
= #[+-8..5] = 33a 
4 2 a as 


Example 81: 
Prove that area of the curve x = acos®=bsin@+c,y =a'cso 
0 + b’ sin'@ + c’ si equal to x (ab! — a’). 


Solution: 


To find the shape of the curve shift the origin to the point (c, c'). Then 
the equations of the curve become x = acos@ + bsin 6, y = a’cos® + 
b' sind. 

These equations are linear in cos and sin 0, and if solved, the values 
of cos @, sin 0 will involve x an y in the first degree and will be homogenous 
in x and y. Hence on squaring and adding, the equation to the curve will 
be of the form Ax? + 2Hxy + By? = I which is a conic with its center 
at the new origin. 


From the given equations of the curve we observe that x and y are 
both finite for all values of 6. Thus, the given conic is a closed curve and 
it is completely traced from @ = 0 to 6 = 2x. 


’. the required area = sh "(« xB -y Sao 


2s 
= 4 fracose + bsine »c)(-asin0 + b'e039) 


— (a'cos@ + bsin® +c')(-asin@ + bcos@)} 
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23 > 
= £§°* [ab (cos? 0 + sin? 6) —a'b(sin? 0 + cos? 6) 
+ ¢(b'cos0 -a'sin®) +c'(sin® — beos6)}d0 
| p2 7 iM 1 i 2 
= oh (ab’—a'byd0 + (eb! b)f* cosode 
Ve ae (2% 
= rig a~ca' df sin @d0 
1 a 2d a cen tein O12: 
=z (ab'-a b)[0]," +5 (ob!-c b)[sino]* 
+ F(ca-ca! [-cose];* 
= 7 (ab' — a’b). 
Example 82: 

Uf P (x, y) be any point on the ellipse x°/a" + yb? = 1 and S be the 
sectorial area bounded by the curve, the x-axis and the line joining the 
origin to P, show that x = a cos (2S/ab), y = b sin (2S/ab). 

Solution: 

“ihe parametric equations of the ellipse are 

x=acost.y=bsint. wl) 

At the vertex A, t = 0 and at P, t=. 


dy *) 
ay It 


Tp 
S = sectorial area AOP = 5 {x eg le 


10 


= 1f! jfacost -bcost—bsint-(-asint)]dt 
- Labf(cos?t+sin® nat 


1 t 1 t 1 
= zavfat = zt], = jabt. 
2. t = (2S/ab). Putting this value of t in (1), we get 
x = a cos (2S/ab) and y = b sin (2S/ab). 


Example 83: 


If A is the vertex, O is the centre and P any point on the hyperbola 
x/a? ~ y"/b? = 1, show that x = a cosh (2S/ab) and y = b sinh (2S/ab), 
where S is the sectorial area OPA 
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Solution: 


The parametric equations of the hyperbola are x = a cosh t, y = b 
sinh t w(1) 


At the vertex A, t = 0 and at P, t= t. 
S = the sectorial area AOP 


~ h(x Z-7)a 


= $ Jj (cosh -beoht ~b sinh t-a sinh tt 


" 


das’ 2 sein? 
5 Af, (cosh t—sinh? t)dt 


1 7 Ano etl 
= 52), dt = 5h, 5 at 
.. t = (2S/ab). Putting this value of t in (1), 
we get x = a cosh (2S/ab), y = b sinh (2S/ab). 


Example 84: 
If the pedal equation of the a curve be p fir), prove that the area 


Prat taken 


bounded by the curve and two radii vectors is xf Teo 


between suitable limits. 
Solution: 


r7d0, between the suitable limits. 


Now tan 6 = om 


Also sin $ = £ 


The required area 


> tan > = 

a 

dr V(r? -p?) 
: 7 prdr 
Le, d8 = —————-. 
* PY V(r? -p?) 


required area = + fra9 
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- Lf between the suitable limits. 
27 e 


Example 85: 


Find the area bounded by the axis of x, and the following curves and 
the given and the given ordinates: 


(i) y = ¢ cosh (x/c); x = 0, x =a. 
(ii) y= six x=0,x= 127. 
(iii), y = logx;x =a,x=b(b>a> 1), 
(iv) xy = 02; x =a, x =b, (a> b> 0). 
Solution: 
(i) The required area = 1 y dx, 
(-. limits are form x = 0 to x = a) 


. 
= ff ceosh (=) =¢ [in| =c2 sinh =. 
o c clo c 


nl2 IZ 
(ii) The required area = S ydx = ff sin? x dx, 


(. y = sin? x) 


" 


240 


Ija ot ™ 
3[£-40] 74° 


2 
+f (1 ~ cos 2x) dx = a 


b b 

(iii) The required area = J, y dx = J log x dx 
Ce a ; A 

= [(logx).x]} - j, ran dx, integrating by parts 
= [b log b — a log a] - [b - a] 
= (b log b — b) — (a log a - a) 

= b log (b/e) — a log (a/e), [- log e = 1] 

(iv) The required area f ydx = f (ix) dx, [-. y = ex) 


= 2. [logx]} = ¢? (log a ~ log b) = c? log (a/b). 
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Example 86: 


Find the area bounded by the curve y = , the y-axis and the lines 
y=landy =8. 


Solution: 


Here the curve is bounded between the axis of y and the lines parallel 
to x-axis. Hence the required area 


iy 
Jai x dy 
8 a xd = yi 
fy dy, [ex =yorx=yi"] 
8 
= [3 yaa] = 3 pga _ 143) = 3p94_ 1) = 45 
[svt] = G10 = St F. 
Example 87: 
Find the area bounded by the ellipse 
xy? 
ater 
The ordinates x = c, x = d and the x-axis. 
Solution: 
Equation of the ellipse is 
xs? 
athe =1 
2 2 
or Y- teas 
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p Lees 
given y= = (a? x2) Al) 
’. the required area = the area 
[iva 
ce, 7% 
dbp, o5, 
J. 2N@ - &) ax. from (1) 
lea 
a 
Dy v2 -x2)4ha? sin"(*) : 
al2 2 a/}, 
= 2 [a (a? - 2) -c (a? - 2) +0? (sia oo Sig! ‘J 
a a a 


Example 88: 


ABDC 


Find the area of the quadrant of an ellipse. 
Solution: 


Here the required area (i.e., the area of a quadrant) lies between the limits 
x= Oandx=a. 


area of the quadrant = i ydx 


= a V(a? = x2) dx, from (1) or Ex, 3 (a) 


Example 89: 
Find the area bounded by the parabola y* = 4ax and its latus rectum. 
Solution: 


Latus rectum is a line through the focus S (a, 0) and perpendicular to 
x-axis ie. its equation is x = a. Also the curve is symmetrical about x-axis. 
the required area LOL’ 


2 
=2 x area OSL = 2.) ydx 


92 Application of Integral Catculus 


Fig 1.53 
= 2f V(dax) dx, ['" y? = 4ax, ie, y= V (4ax)] 


=2V(4a) [2x7] 


s 


Example 90: 
Find the whole area of the ellipse (x*/a2) + (j/b?) = 1. 
Solution: 


Clearly, the area of an ellipse is 4 times the area of a quadrant. 
The required area of the ellipse 
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=4 fig ydx 


mab 
=4, 
4 


= ab. 
Example 91: 


Show that the area cut off a parabola by any double ordinate is two third 
of the corresponding rectangle contained by that double ordinate and its 
distance from the vertex. 


Solution: 

Let the parabola be y* = 4ax. Also let x = b be any double ordinate. 
Since the curve is symmetrical about x-axis, therefore the area cut off the 
parabola y? = 4ax by the double ordinate x = b is 2 (area included 
between the x-axis, x = b and curve in the +ive quadrant). 


b 
the required are = 2 i ydx 


= af Y (4ax) dx, [ey = 4ax] 
ib 
=o (2x? | = LATAY bs? wen 1) 
3) Jy 3 
Again, at x = b, from y? = 4ax, we have 


y? = dab or y = 2 ¥ (ab). 
2y = 2.2 V(ab) = 4 V(ab). 


Now area of the rectangle contained by the double ordinate and its 
distance from the vertex = 2y « x = 2y .b 


= 4 V (ab). b = 4a!? p??, 


-. length of the double ordinate 


2 
Its two third Ee 4a? p32 
= $12 p2 
= area cut off a parabola by the double ordinate, from (1). 
Example 92: 


Trace the curve ay? = x* (a — x) and show that the area of its loop 
is 807/15. 
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Solution: 
Tracing: 


(i) The curve is symmetrical about x-axis and passes through the origin. 

(ii) Equating to zero the lowest degree 
terms in the equation of the curve, 
we get y?-x?=Oie,y=+xas 
the tangents at origin and these 
being real and distinct the node 
is expected at the origin. 

(iii) Aty = 0, we x =0andx=aie, 
the curve crosses the x-axis at 
(0, 0) and (a, 0). Also when x > 
a, y? is negative, ie., y is 
imaginary. Hence the curve does 
not exist for values of x > a. 
Also as x decreases from 0 to — 2, 
y increases from 0 to ©. Fig 1.55 

(iv) Now asymptotes. Thus, the shape of the curve is as shown in the 
figure. Clearly the loop is formed between x = 0 and x = a. 


required area of the loop = 2 1% y dx, 
[{- curve is symmetrical about x-axis] 


=2 pea, putting for y from the equation of the curve 


2asin2 
2 i asin Ns) cos® 8V(a).cos® 5, sin 6 cos 6 d0, 
0 Va 
[putting x = a sin?@, dx = 2a sin 0 cos @ dO] 
3 pre 
= 4a? J" sin? Ocos?@ 48 
o 


ra.r3 
2 = ga? 
2r= 2. 
2 


= 4a. 


Example 93: 
Find the area of the loop of the curve 3ay? = x (x = a) 


Solution: 
The curve is symmetrical about x-axis. Putting y = 0, we get x = 0 and 
x =a, ie, the loop is formed between x = 0 and x = a. 
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required area of the loop 


a 
=2 j y dx, [-- curve is symmetrical about x-axis]. 


Now for the portion of the loop lying in the first quadrant, y is tive 
and x lies between 0 and a. Therefore for this portion of the loop, we 
have y = {1/V (3a)}. V(x). (a ~ x). 

required area of the loop 
-_ 2 pen (a-x).Vx 
0 V(3a) 
putting for y from the given equation of the curve 


7 teas ree) te 


= 8a?/ (15/V3). 


Example 94: 
Find the area of the loop of the curve y? = x (x — VP. 
Solution: 


Here also the curve is symmetrical about x-axis. Putting y = 
x = 0 and x = 1 ie, the loop is formed between x = 0 and x 


, we get 


1 
required area of the loop = 2 J, ydx 


1 
=2 J, (1 — x). Vx dx, putting for y from the 
equation of the curve. 

[Note that we have taken, y = V(x). (I ~ x)J 


=2f" (i? x 


=2 E = 

35 

Example 95: : 
Find the area of a loop of the curve xy? + (x + a)® (x + 2a) = 


1 
2 -2417] 
5 0 


Solution: 
The curve is symmetricals x? (x + a) = 0 
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2 
y= 2 Grn ) 


Note that the shifting of the origin only changes the equation of the 
curve and has no effect on its shape. Now the origin being at the points 
A, the new limits for the loop are x = — a to x = 0. 


-. required area of the loop = 2 x area CPA 


or 


y 
q 
Say Teale * 
y 


Fig 1.56 
= 2°. yx, [the value of y to be put from (1)] 


: 
=2 {x =) dx, 
a a-x 

[Note that in the equation (1), for the portion 

CPA, y = -xV{(a + x(a - x)}] 
rE Taon* multiplying the numerator 
and the denominator by V(a + x) 
sin ®)(a—-asin®) 

acos® 


=2 


. (- acos 8) dé, 


= 2a? [*"(sin 0 ~ sin?) a0 
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(by Walli’s formula) 


Example 96: 
Find the area between the curve y? (4 — x) = x and its asymptote. 
Solution: 


The curve is symmetrical about the x-axis. It cuts the x-axis at x = 0 
i.e., at the origin. The straight line x = 4 is the asymptote of the curve. 


4 4 
.. required area = 2 f ydx=2 LG -] dx, putting for y form 
the equation of the curve 


=2f TeacaamPoy’ 857 8 c0s 0 48, 
putting x = 4 sin?@ 
so that dx = 8 sin 6 cos 6 d6 


=32f/ in30 d@ = 32.——, (by Walli’s formula) 
sit (by Walli’s formula) 


units of area. 


Example 97: 
Find the area : 
(i) of the loop of the curve 
x (x? +) =a @? -v) ory? (a + x) = x? (a= x). 
(ii) of the portion bounded by the curve and its asymptotes. 
Solution: 
The curve is symmetrical about x-axis. The tangents at origin are 


a(y? - x?) = 0 ie., y = +x. Since there are two real and distinct tangents 
at the origin, therefore the origin is a node on the curve. 

Putting y = 0, 

we getx =0 


and x = a i.e., the loop is formed between x = 0 and x=a. 
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required area of the loop 


=2 S y dx, by symmetry 


=2 fix (2 =) dx, putting for y 
from the given equation of the curve 


=2 \receratad multiplying 


the numerator and the denominator by 
V(a- x) 


Fig 1.57 


putting x = a sin ® so that dx = a cos 6 dO 
M2 
= 2a f sin @ (1 — sin 6) 40 


32 | pte, _ pr? 
= 2a (f sin@d0 i sin? 6d0 
11 
=2a})-1.4 fa 
2a’ [ 3 in], by Walli’s formula 


= 2a? (1-42) = ie (4-2). 


(ii) The line x = — a is the asymptote of the curve. 
Now the area lying between the curve and its asymptote 


0 
=2 f, ydx, the value of y to be put from the equation of the curve 


-2 f° -x (2) dx, 
a+x 


{Note that for the arc of the curve lying in the second quadrant x is 
ve and y is tive so that y = — x oe — x)Ma + x)} for this arc). 


- ° ~(-asin@)(a+sin8) 


=. ae? mal sin?) a cos 6) d@, 
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putting x = —asin® 
so that dx = — a cos @ d@ 
=~ 2a? f sin © (1 + sin @) dO 
ini2 


/2 
= 2a? [°° (sin © + sin*®) 40 


1}. by Walli’s formula. 


Example 98: 


Trace the curve y* (2a - x) = x° and find the entre area between the 
curve and its asymptotes. 
Solution: 
Tracing of the curve y* (2a - x) = x?. 


(i) Since in the equation of the curve the powers of y that occur are all 
even, therefore the curve is symmetrical about the axis of x. 


Y 


Fig 1.58 
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(ii) The curve passes through the origin. Equating to zero the lowest 
degree terms in the equation of the curve, we get the tangents at the 
origin as 2ay? = 0 ie., y = 0, y = 0 are two coincident tangents at 
the origin. Therefore the origin may be a cusp. 

(iii) The curve cuts the coordinate axes only at the origin. 


(iv) Solving the equation of the curve for y, we get 


When x — 2a, y? > o. 

Therefore x = 2a is an asymptote of the curve. 
When 0 < x < 2a, y? is +ive ie., y is real. 
Therefore the curve exists in this region. 


When x > 2a, y? is -ive i.e. 
not exist in the region x > 2a. 

When x < 0, y? is —ive. Therefore the curve does not exist in the 
region x < 0. 

Combining all these facts, we see that the shape of the curve is as 
shown in the figure. 

Now the required area = 2 * area in the first quadrant 


=2 fPyas 


imaginary. Therefore, the curve does 


2a 2 3 
=2 [°_* —ax, yt = 
j V(2a-x) 7 [ y 2] 


Now put x = 2a sin”, so that dx = 4a sin @ cos 6 dO. 
.. the required area 

ze (" (Qasin? 6)>? 

~~ 40 V(2a-2asin? 6)" 


x2 sin? 
16a? ~ 


4a sin 0 cos 6 dO 


2 sin 8 cos 8 dO 


cos8 
= 16a? [*~ sino do 
lo 
231% ‘ 
= 16a" Prien (by Walli’s formula) 


=3 na’. 


Lengths of Curves 
(Rectification) 


2.1 Definition 
The process of finding the length of an arc of a curve between two 
given points is called rectification. 


2.2 Lengths of Curves 
If s denotes the arc length of a curve measured from a fixed point to 
any point on it, we have 


where +ive or —ive sing is to be taken before the radical sign according 
as Xx increases or decreases as s increases. Hence, if s increases as x 
increases, we have 


a a= fie(2) fo 


where a is the abscissa of the fixed point from which s. is measured. 


Hence, the arc length of the curve y = f(x) included between two 
points for which x = a and x = b is equal to 


Jos (b > a). 
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Sometimes, it is more convenient to take y as the independent variable. 
Then the length of the arc of the curve x = f(y) between y = a and 


y = b is equal to 
b 
ne) 
la dx 
Remark: 


Suppose we have to find the length of the arc of a curve (whose 
cartesian equation is given) lying between the points (x, y,) and (x3, y). 
We can use either of two formulae 


Fy -J° V{1+(dy/dx)*}dx and 


Jos (b > a). 


s= IP V{1+ (dx / dy)? Jay, 


If we feel any difficulty in integration while using one of these two 
formulae, we must try the other formula also. 


Equations of the Curve in Parametric Form 

If the equations of the curve be given in the parametric form x = f(t), 
y = (0), then s is obviously a function of t. In this case if we measure 
the arc length s in the direction of t increasing, we gave 


+-(e-@- 
dt dt dt 
Irax\? (ay?) 
_ ifdx dy ) 
as i dt ) lz < 
On integrating between proper limits, the required length 
? ? 
_ pr llfaxy (avy 
; MG) (2) at 


Equation of the Curve in Polar Form 


For the curve r = f (8), if we measure the are length s in the direction 
of @ increasing,, we have 
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or és= ir -(£) ha 


On integrating between proper limits, the required length 


If the equation of the curve be 6 = f(r), then the required length is 
given by 


Equation of the Curve in Pedal Form 

Let p = f(r) be the equation of the curve and r, and r, be the values 
of r at two given points of the curve. Then by differential calculus we 
know that 


ar V(r? -p*) 
r 
or ds = [GFaps 
where s increases as r increases. 
On integrating between proper limits. The required length 


The value of p should be put in terms of r from the equation of the 
curve. 


Remark: 


If the curve is symmetrical about one or more lines, then find out the 
length of one symmetrical part and then multiply it by the number of 
symmetrical parts. 


2.3 Intrinsic Equations ‘ 

Definition : By the intrinsic equation of a curve we mean a relation 
between s and y, where s is the length of the arc AP of the curve measured 
from a fixed point A on it to a variable point P, and y is the angle which 
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the tangent to the curve at P makes with a fixed straight line usually taken 
as the positive direction of the axis of x. The co-ordinates s and y are known 
as intrinsic Co-ordinates. 


(a) To Find the Intrinsic Equations from the Cartesian Equation 

Let the equation of the given 
curve be y = f(x). Take A as the 
fixed point on the curve from which 
s is measured and take the axis of x 
as the fixed straight line with reference 
to which y is measured. Let P (x, y) 
be any point on the curve and PT be 
the target at the point P to the curve. 

Let arc AP = s 

and Z PTX=y. 

Now, we have tan 

w = dy/dx = f'(x)....(1) 


Y 


Let a be the abscissa of the point Fig 2.1 
A from which s is measured. 
2 
dy 
Then s= i nf ) 


= Jo [+ {roo} Jax. 2) 

Eliminating x between (1) and (2), 
we obtain the required intrinsic equation. 
Note: To find the intrinsic equation from the parametric equations 
we use oy, eyte 
dx dx/dt 
(6) Intrinsic Equation from Polar Equation 

Let the equation of the given curve be r = f(8). Take A as the fixed 


point on the curve from which s is measured. Let P be any point (r, ) on 
the curve. 
Let arc AP=s and 2 PTX = y, where OX is the initial line. 
If @ is the angle between the radius vector and the tangent at P, thent 
0 r £(8) 
tan > = ‘ar dr/d~ FCG)" 5 Al) 
and y=O0+96. (2) 


and then proceed as in case (a). 
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Let a be the vectorial angle of the point A. Then we have 


al 


= Lyfte@y? +{r@y }oo B) 


Fig 2.2 


Eliminating @ and $ between (1), (2) and (3), we get a relation between 
s and wy, which is the intrinsic equation of the curve. 


(c) Intrinsic Equation from Pedal Equation 


Let the pedal equation of the curve be p = f(r). Al) 

Then = (2) 
Be come te -p*)’ 

the arc length s being measured from the point r = a. 


Also the radius of ds 
Iso lius of curvature p dy ~ "dp" 


___Eliminating p and r between (1), (2) and (3), we obtain the required 
intrinsic equation. 
MISCELLANEOUS EXAMPLES 
Example 1: 
Find the intrinsic equation of the cardioid r = a (1 — cos 6). 
Solution: 
The given curve is r = a (1 — cos 8). 
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Differentiating (1) w.r.t. @, we have dr/d0 = asin 9. 


epee ei ' 
ang rar argo 
__t__ _ a(1~cos0) 
asin@ asin® 
2sin? —0 ' 
= ie 7° 


2sin 1 6cos 6 
2 2 


Therefore > 


1 
7 so that 


1 3 2 
- =0+—0==6, giving 0 = — 2 
y =O0+O=6+ 7° 7% giving 0 3 w(2) 


If s denotes the arc length of the cardioid measured from the cusp O (i.e., 
the point 6 = 0) to any point P (r, 6) in the direction of 6 increasing, we have 


= (le +(e) loo = af’vin- 2 sin? 

s hy ( +(¥) | af, V{(1-cos0)? + sin? o}ao 

0 
0 $ 
- 2af, sin 5 d0 =4a [-cs3], 
=4a ( 1 cos $0) = 8a sin? iy , Which is the required intrinsic equation. 
Example 2: 
Find the length of the loop of the curve x = P, y = t- 1/30. 


Solution: 


Eliminating the parameter t from x = and y = t — 1/31, we get 
2 
1 
y=x ( 1- ix) as the cartesian equation of the curve and hence we observe 


that the curve is symmetrical about the x-axis. The loop of the curve extends 


from the point (0, 0) fo the point (3, 0). Putting y = 0 in y =t— 38 we 
1 & 


gett=Oandt = 7°. Therefore the arc of the upper half of the loop extends 
from t= 0 tot = J3. 
Now the required length of the loop 


= 2 x length of the half of the loop which lies above x-axis 
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N3 
m2 


= af vase +t dt = 2° (ee Ja 


373 
=2 [+5] = 2[V3 + V3] =4 V3. 
3 Jo 

Example 3: 
Find the length of the arc of the curve x = e'sint, y = e'cos t, from 


1 
t=Owt= on 
Solution: 
The given equation of the curve are x = e'sint, y = e' cost. 


Differentiating w.r.t. t, we have dx/dt = e'cos t + e'sin t= e' (cos t+ sin t) 
and dy/dt = e' (-sin t) + e'cost = e' (cost — sin t). 


(2) 


= JF Veer (cost + sint)? +e (cost —sint)? Jat 


x2 
the required arc length = Sf { 


= [27 e2 Ve2(cos? t+ sin? yyat = V2 {Peat = V2[e"] 
= V2 fe? -1], 


n/2 
lo 


Example 4: 
In the ellipse x = a cos , y = b sin, show that ds = a N(I - e cos?) 
do, and hence show that the whole length of the ellipse is 


1 e? (13) et (135) ef 
ran 1-(2) : -( E ) £-(HS 3 ) _.|, where e is 
2) 1 (24) 3 \246) 5 
the eccentricity of the ellipse. 


Solution: 
The given equation of the ellipse are x = acos 9, y = bsin 9. 
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We have dx/dp = - asin 6, 
dy/d = bcos >. 
If we measure the length s in the direction of $ increasing 


ds (3) (2) 
= V (a? sin? @ + b? cos?) 
= V{a? sin? @ + a? (1 — €) cos? 6}, 
[-» for ellipse, b? = a? (1 - e%)} 
=a V(I ~ ecos*6). 
ds = a V(I ~ e?cos? 4) do. (1) 


Also the ellipse is symmetrical about both the axes and in the first 
quadrant 6 varies from 0 to 1/2x. Therefore whole length of the ellipse 


= 4 x length of the ellipse lying in the first quadrant 


. 4fe7a V(1=e2 cos? $)d6, [from (1)] 


= dal? (1-e cos? g)al”7dp 
ni 2, 1 13 
= 4afo [i-2 cos? este cost 6- ae cos b-. -} 
(on expanding by binomial theorem) 


2 2 nid > 4 pn? 
nta[C? 1o0-S pete $5 Peat 


x22 
“seh cos! do. -| 
2 4 
-4[F-£ din ef 3m 13 oat] 


22 2.44.2 2 246 64.2 2 
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Example 5: 

Show that in the epi-cycloid for which x = (a+b) cos 0-b cos{(a+by/b}®, 
y = (a+b) sin® ~bsin {(a + by/b} ®, the length of the arc measured from 
the point 9 = nb/a is {4b (a + b)/a} cos {(a/2b)® }. 
Solution: 

Differentiating the given equation of the epicycloid w.r.t. 0, 

we have dx/d® = (a + b) (-sin 8) — b [-sin {(a + b)/b}6] * [(a + b)/b] 

= ~(a + b) [sin® ~sin {(a + b)/b}6] and dy/dO 

= (a + b) (cos ®) —b [cos {(a + b)/b}6] « {(a + byb} 

= (a + b) [cos 6 — cos {(a + byb}6]. 


ds)? _ (dx)? (dy) 
we have ($) - (2) (3) 
=(a+ by ee + {eos0- “i 


abe 
b 


=(a+ by [sn? 64s? 22% 0 ~datnosin® 


ae @+cos? 2+¥.9_ 2 cos6cos +29] 
b b 
=(a+ bP [1+1-2{snosin?=2o s coxdeost Bo ] 
=2(a+by [1-cos20] 


=4(at+ by sin? 578. +) 


If s denodes the arc length of the epicycloid measured from the point 
6 = nb/a to the point 6 = 6 in the direction of 6 decreasing, then s increases 
as @ decreases. Therefore ds/d@ will be negative. So taking square root of 
both sides of (1) and keeping the negative sign, we have 


2 =-2 (a+b) sin 0 
or ds = — 2 (a + b) sin (a/2b)@ da. 


The required length s is now given by 
8 - 
s= fren 2@ +b)sin(a/2b)@d0 
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satire 2 costo] 
SARE 2b Ieee 
_ Ab(a+b)[ 9. a8 ogg 

a 2b 2 


a bet 5 
ma 


Example 6: 
An ellipse of small eccentricity has its perimeter equal to that of a circle 
of radius r. Show that its area is 7? (1 7 Se Jeary 
3 
Solution: 
The parametric equations of the ellipse are x = acos >, y = bsind. 
We have the perimeter of the ellipse 


-. | =2nr (as given) 


_ alte ~() 


retaining upto e* because e is small. 


Therefore 


Now area of the ellipse 
= nab = naxaV(l-e%), [vb 
= na? (1 - e*)1/2 


= ae [-(Ge+2«]] “d=2)"? form (1) 


a (1 ~e?)] 


64 


= (1sjer+Zetrde ~4et), 
2 8 


retaining terms only upto e* 
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Example 7: 
=A 1 
Find the length of the curve x = e (s Sr+2eoste) yre 
ted 
(41-2sind1) measured from t = 0 tot = 7. 


Solution: 
Differentiating the given parametric equations w.r.t. t, 


n3t) +e (sin 


we get dx/dt = e' (cos}cos 


and dy/dt = et (-4sinj1-cos te) +e (cos $t-2sin 4) 


Ae 
= Se/sin 


the required length = f (3) (2) ja 
2 2 
-f* (3 e * cost) +(-Ze sin) Ja 
2 2 
= S fret V{ cos? At +sin? Lt lit 

240 2 2 
3 oft 5 td 
5 Jpeta = sll; 


5 
zl 


0 
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Example 8: 


Show that the length of the arc measured from t = 0 to any point t, of 
the curve x = a (cost + tsin), y = a (sint — t cost) is 1/2at*. 


Solution: 
Here dx/dt = a [- sint + (1x sint + tcost)] = a (t cost) 
and dy/dt = a [cost - (1* cost ~ t* sin t)] = a (tsint). 
2 ry 
" t dx dy 
= dt 
the required length JS, (2 ) (2 ) 


= fia V (sin? t+co7t)dt = f° at dt = Far. 
Example 9: 


Prove that the arc of the curve given by x = a x(3 sint ~ sin’ Y, 
y = acos*t measured from (0, a) to any point (x, y) is 3/2a (t + sint cos ). 


Solution: 

Do your self. 

Here t = 0 at the point (0, a) and t = | at the point (x, y). 
Example 10: 


Show that the length of an arc of the curve x sin t + y cos t= f'(), x cost 
~ysint = f"() is given by s = f(y + f"(), where c is the constant of 
integration. 


Solution: 
The given equation of the curve are 
xsint + ycost = f(t) wl) 
and xcost- ysint = f"(t). (2) 


Multiplying (1) by sin t and (2) by cost and adding, we get x (sin?t + 
cos? t) = sint. f'(t) + cost. FQ), 


or x =sint f(t) + cost f(t). oo}: 
Again, multiplying (1) by cos t and (2) by sin t and subtracting, we get 
y =cost f(t) — sint f"(t). w(4) 


Now differentiating (3) and (4) war.t. t, we get 


dx/dt = cost f'(t) + sint f"(t) + cost ft) — sint F"(t) = [F'() + F"()] 
cost 
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and dy/dt = — [f'(t) t f(a] sint. 
Now is s be the arc length in the direction of t increasing, then 


= V [cost FQ) + FOP + sit {F(0 + FOP] 
= [F'(t) + FD) V (cos? t + sin?t) = FD + FD). 


Integrating both sides, we have s = [[M(t)+f"()]dt +e 


= f(t) + f"(t) + c, where c is the constant of integration. 


Example 11: 

Find the intrinsic equation of the cardioid r = a (1 + cos 8), and hence, 
or otherwise, prove that s? + 9p? = 16a’, where p is the radius of curvature 
at any point, and s is the length of the arc interceped between the vertex 
and the point. 

Solution: 
The given curve is r = a (1 + cos @). wd) 
Differentiating (1) w.r.t. 6, we have dr/d@ = — asin 8. 
tang = 22 - —* 
"ar dr/d0 
_ a(l+cos6) 
—asin® 
21 
2cos* —8 
Zz 
1 


-2sinecos!e 
2 2 


eee Os (fx+0) 
~ cot 5 tan [5 +58]. 


1 1 
Therefore o= gf + 7% so that 


1 1 1 3 
vnrO+enO+ ont 50=5n+ 58 
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If s denotes the arc length of the cardioid measured from the vertex (i.2., 
© = 0) to any point P (i.e., 8 = 8) in the direction of 0 increasing, ther 


s-f {r +(£) fo = 2af?'V{(1+0s0)? +sin? o}d0 
- rafiv{i +2cos0 + cos? @+ sin? 0}d8 
= 2af'/{2(1+ c050)}40 = 2af cos 040 


Pal, 1 
=2a [2sin$o] = dasin 27°. (3) 


Eliminating @ between (2) and (3), we get 


s=4a snl Sw -4n}h, Ad) 


which is the required intrinsic equation. 


d: 
Alsop = ng = eo osi(v-n), from (4) 
or 3p = 4acos i{v-ta), 5) 


Squaring and adding (4) and (5), we get 
ee p sin? (wx) *Hy-tn) 
3+ 99? = (4a) {sn sl¥- a7 }+e0s* s[¥-5% 

= 16a? * 1 = 16a". 


Example 12: 
Find the intrinsic equation of r = a e°“'*, where s is measured from 
the point (a, 0). 
Solution: 
The given curve is r = ae?s?, wl) 
Differentiating (1), w.r.t. 8, we have 
(dr/d8) = a cot a.e®@"* = r cota. 


d8 r r 
We have tan = ar Grad reota 
or $=a so that y =0+9=0+aor0=o-a. «(2) 


If we measure the arc length s from the point 6 = 0 to any point P 
(r, 8) in the direction of increasing, we have 
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s = fv {(ar40)? +1? }a0 
= fue cot? «+r? }d9 
= [Pr (1+c0t? ado = eosee af rao 


0 
= coseca frac™™d0, fy r= ae eh] 


ocora T° 
= acosec a = aseca [es - 1]. 
cota 


0 
(3) 
Eliminating @ between (2) and (3), we get 
s = aseca [e”-*** — 1}, which is the required intrinsic equating. 
Example 13: 


Find the_arc length of the curve 
y = 1/2x — I/dlog x from x = | tox = 2. 


Solution: 
The given curve is y = 1/2x? -1/4log x. ee) 
Differentiating (1) w.r.t. x, we get 
WS a, at wit 
dx 4x 4x 


required length of the curve 


ps = ra Jdx-s 


Example 14: 


Show that in the catenary y = ¢ cosh (x/c), the length of arc from the 
vertex to any point is given by s = c sinh (x/c). 


Solution: A 
The given catenary is y = c cosh (x/c). 
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The point A (0, c) is the vertex of the catenary and let P (x, y) be any 
point on it. We have to find the length or arc AP for which x varies from 
x=Otox=x. 


* Differentiating (1) w.r.t. x, we have 
1 
D =. + sinh * = sinh *. 
c 


If s denotes the arc length of the catenary measured in the direction é 


of x increasing, then 
(3 
2) {1+ sinh? * = cosh * = 


or ds = it (x/c) | Integrating, we have 


En Pe PORES ROE, 5 ee | 
i ds = S cosh dx = [esion] = esinh ~ 


or s = csinh (x/c), which is the required arc length. 
Example 15: 
Show that in the parabola 2 = 1+ cos6, 
ds _ _ 2a 
dy sind y” 


Hence find the length of the arc intercepted between the vertex and an 
extremity of the latus rectum. 


Solution: 
The given equation of parabola is 
2 =1+ cos, (1) 
in which the focus O is at pole. 
From (1), we have 
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(sh -+-(8) 
dé d0 
1 1 1 
= atsect — 2 sect =O tan? = 
a? sec zeta sec’ 20 tan 7° 
mires! 215) - i 
=a? sect 7° (1+ tan ie) = a? sec® 7° 
If s is the arc length of the parabola measured from the vertex A (i.e., 
the point 6 = 0) to any point P(r, 8) in the direction of 6 increasing, then 


ds 1 
S. +e. 
~o? sec’ 3 
1dr 
We have cotd = dO 


Now from ay 728 cosec’ y, we have 


ds = 2a cosec’ w dy, wl) 
At the vertex A, @ = 0 and at the extremity L of latus rectum LOL’, 8 
= wW2. So from (3), at A, y = 1/2n and at L, yw = 3n/4. 
Integrating both sides of (4) from the point A to L, we have 
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are AL = ( 2acosecsy dy 
= 20f2%" V(1+cot? y).cosecy dy 


= 2af" V(1+t?)-(-at), 
Putting cot w = t, so that - cosec? y dy = dt 


= 2af? V(i+e2)at 

= 20 [$(or?) + Fioe{t-v( yy 
=2a [0~051-{-12+Liee(-1+v2)}] 
-2[t Y2- tog #4] 


( 
=2a [} V2 Loe 
( 


V2 


=o 
— 


= at V2+ 3 og 3 


=a [V2 + log (V2 + 1D). 
Example 16: 

Find the intrinsic equation of the spirals r = a®, the arc being measured 
from the pole. . 
Solution: 

The given curve is r= a0. (1) 

Differentiating (1) w.r.t. 8, 

we have dr/d@ = a. 


Therefore tan » = re = 


dr dr/d® 
- 8g 
a 
ve > =tan'@ 
so that y= 6+ 9 = 0 + tan'6. (2), 


If s denotes the arc length of the spiral measured from the pole (0, 0) 
to any point P(r, 6), then 
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s= f { -(£) ja 
Jev(a20? +02)40 


af,'V(0? + 1)a0 
[Sve + 1) + Ftog{o+ v(0? + i] 


1 
= 58 [8 V(1 + 6) + log {8 + WI + 6%). ...(3) 

The required intrinsic equation is obtained by eliminating @ between (2) 
nad (3). 
Example 17: 

Find the intrinsic equation of the equiangular spiral p = r sina. 
Solution: 

The given pedal equation of the curve is p = rsina. wl) 

Differentiating (1) w.r.t. r, we have 


0 


0 
0 


adr it 5 
dy “dp dp/dr ~Q) 

If we measure the arc length s from the point r = 0 in the direction of 
r increasing, we have 


r__rdr u rdr a 
s= Ie ad etna > j seca dr 


= sec af dr = seca [r]\ = rseca. 3) 
Eliminating r between (2) and (3), we have 

(ds/dy) _ coseca 

s es seca 

or F ds/s = cota dy. 

Integrating, log s = y cot a + log a, where a is constant of integration 

or log (s/a) = y cota or s = ae¥***, which is the required intrinsic 

equation of the curve. 


= cota. [dividing (2) by (3)] 
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Example 18: 
Find the intrinsic equation of the curve p? =r? - @. 

Solution: 
The given curve is p? =P ~ a? wl) 


Differentiating (1) w.r.t. r, we have 
2p (dp/dr) = 2r or r (dr/dp) = p. 
= SS =, p= (ea), [from (1). ..2) 
dy dp 
Also from the equation of the curve we have p = 0 for r = a. 
If we measure the arc length s (from r = a) in the direction of r incursion, 


we have 
rdi rd 
“Sear 7 ) es 


“ela 


or 2as =F - a? or V(2as) = V(r? — a2) 3) 
Eliminating r between (2) and (3), we have 


as Ly 8 
7 = Vas) or 7 (2a) dy. 


If s = 0 when w = 0, then integrating, we have 
sds 
fF 7 = Neal dy. 
2 2 = \Qa)y ors = “| /ay?, which isthe required intrinsic equation. 


Example 19: 

Find the intrinsic equation of the curve for which the length of the arc 
measured from the origin varies as the square root of the ordinate. Find also 
parametric equation of the curve in terms of any parameter. 

Solution: 


Let s denote the arc length of the curve measured from the origin to any 
point P (x, y) such that s increases as y increases. As given s 0 Vy so that 
s = A vy, where A is some constant. 


Choosing this constant 2 = V(8a) (Note), we have 
s = \(8ay) or s? = Bay. A) 
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Now differentiating (1) wrt. y, we have 
2s (ds/dy) = 8a or ds/dy = 4a/s. «(2) 
Now we know that dy/ds = sin y. 
sin w = dy/ds = s/4a, [from (2)] 
or s = 4a sin y, which is the required intrinsic equation. 


Again from (1), we have 


a St. Weatsin? 


8a 8a 
=a(1—cos?y), [*- 
~ "ds _ ds dy _ di 
Also ax dy dx dacosy ae 
or = 4acos y MY, 
cosy ds 
or dx = 4a cos* y dy = 2a (1 + cos 2y) dy. wn(4) 


If x = 0 when w = 0, then integrating (4), we get 


x 
S, dx = af (1 + cos 2y) dy 
1 v 
or x=2a [v+Ssinav] 
2 0 
or x=a[2y + sir y]. ...(5) 
So from (3) and (5), the required parametric equation of the curve are 
x =a(2w + sin? y) and yw = a(I —cos 2w), which are the parametric equation 
of a cycloid. 


Example 20: 


Find the cartesian equation of the curve whose intricsic equation is 
s = ctany when it is given that at y = 0, x = 0 andy 


Solution: 
The given intrinsic equation of the curve is s = c tan y. wl) 
Differentiating (1) w.r.t. ‘x’, we have 
ds/dx = c sec? y. (dy/dx) w(2) 
ds dy . 
Also = mies }-v0 +tan? y)=see y. ...3) 
dx dx 


Equating the values of ds/dx from (2) and (3), we get 
c sec? y.(dw/dx) = sec y or dx = c sec y dy. wf) 


122 Application of Integral Calculus 


Integrating both sides of (1), we get 

x + A = log (sec y + tan y), where A is constant of integration. 
But as given y = 0 when x = 0 so that A = 0. 

Therefore x = c log (sec y + tan y) 


or e“S = sec y + tany. wh) 
1 1 
Now oem we = Secw+tany 
_ _secy —tany 
© sec? y—tan? y 
= sec y — tany. (6) 


Subtracting (6) from (5), we get 
ev —e** = 2tany 


exe ewe 
r tan y = 

o wv 71 

Ys ia RE 
or a sinh aig at 
or dy = sinh (Jc) dx: 
Integrating both sides, we get 

y + B =ccosh (x/c). (7) 


But (as given) when x = 0, 

y = so that B = 0. 

Therefore putting B = 0 in (7), we get 

y = c cosh (x/c), which is the required cartesian, equation of the given 
curve, ’ 


Example 21: 


Show that the length of the curve y = log sec x between the points 
where x = 0 and x = 1/3n is log (2 + V3). 


Solution: 
The given curve is y = log sec x. v1) 
Differentiating (1) w. x, we get 
dy 
— = sec X tan x = tan x. 
dx x 
2 2 
ds dy 2 2 
S| = 2) =1 + tan?x = sec? 2 
Now (#) + (2) 1 + tan x = sec” x. -»(2) 
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If the arc length s of the given curve is measured from x = 0 in the 
direction of x increasing, we have 


ds 
—— = sec x or ds = sec x dx. 
dx 


Therefore if s, denotes the arc length from x = 0 to x = ae then 
3 


13 1 
ds = fg secx dx = [log(sec x + tan x)}> ? 


1 1 
or 5, = [tess 4-+san x) tog = log (2 + V3). 
Example 22: 


Find the length of the curve y = log [(e* — Iie" + 1)] fromx = 1 
tox =2. 


Solution: 
The given curve is y = log [(e* — 1)Me* + 1)] 
or y = log (eX — 1) ~ log (e* + 1). ) 
Differentiating (1) w.r.t. x, we get 
dy eX eX ek 
d& el oF] (et 
x? 2x 
Now 2c" | Se 
~1 (e?* - 1)? 


(e?* +1)? 


=)? 
Measuring the arc length s in the direction of x increasing, we have 


ds eX+ 
dx ek —] 
= £ +8 dividing the Nr. and the Dr. by e* 
e* -e* 
x ex 
or ds = =F ay, 
e*-e*% 


the required length s, is given by 
x 


2e* +e7 
5, =f oe —ax 
ler ae® 


= [log(e® -e* i 
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numerator being the diff. coeff. of denominator 
= log (e? -e*) — log (e — e*!') 

log [ fe? - (I/e?)}/fe ~ (1/e)}] 

log (e + Ie). 


u 


Example 23: 
If's be the length of the arc of the catenary. y = ¢ cosh (x/c) from the 
vertex (0, c) to the point (x, y), show that 8° = y? — °°. 


Solution: 
The given curve is y = c cosh (x/c). (1) 
The length s of are extending from the vertex (0, c) to any point 
(x, y) is given by 
s =csinh (x/c) (2) 
Squaring and subtracting (2) from (1), 
we get y? — s? = c? cosh?(x/c) — c? sinh? (x/c) = 


or 
This was to be proved. 


Example 24: 

If A denotes the area between the curve y = c cosh (x/c) and the two 
ordinates x = x, and x = x, and the x-axis and ‘s’ stands for the length 
of the intervening arc, then prove that A = cs. 

Or 

In the catenary y = ¢ cosh (x/c), prove that the area between the 
curve, the axis of x and the ordinates of two points on the curve, varies 
as the length of the intervening curve. 


Solution: 
The required area 


x2 XZ x 
A -f ydx = i ecosh( *}ds 


ae IP cosh * ds. A) 


The required are length 


" 
sR 
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=/[* (1 Ja 
™ 


inh? & 
1 + sinh? © 


x2 x 
J cosh * dx, (2) 


From (1) and (2), we observe that A = cs. 


Example 25: 
Find the whole length of the curve (astroid) x = acos't, y = asin’ t. 


Solution: 
The given parametric equations of the astroid are 
x = acos't, y = asin’ t. wl) 


We have dx/dt = — 3a cos*t sint, 
dy dt = 3a sin*t cost. 


The astroid is symmetrical about both the axes. For the arc of the astroid 
lying in the first quadrant, we have t = 0 at the point (a, 0) and t = 7/2 at 
the point (0, a). 


ds)? _ (dx)? (ay) 
wow (5) -(3) (3) 
= 9a? cost sin’t + 9a? sin‘ t cos*t 
= 9a? sin? t cos*t (sin?t + cos*t) 
= (3a sin t cos t)?. we (2) 


If s denotes the arc length of the astroid measured from the point 
t = 0 to any point P towards the point t = 2/2, then s increases as t the 
increases. Therefore ds/dt will be taken with positive sign. So taking square 
root of both sides of (2), we have ds/dt = 3a sin t cos t or ds = 3a sin t cos t dt. 


Let s, denote the arc length of the astroid lying in the first quadrant. 
Then 


n/2 
n/2 in? 3 
as = f Basintcor tt ors = 34 _ == 
1 0 lo 


Whole length of the curve 
= 4 = length of the curve lying in the Ist quadrant = 4x(3a/2) = 6a. 


Example 26: 
Find the length of the curve 
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x in t_ which is the evolute of an ellipse. 


Solution: 
Do your self. 
Replace a by c/a. 
The required length = 6 (c/a) = 6c*/a. 
Example 27: 
Find the whole length of the curve (Hypocycloid) x = a cos’ t, y = b sin’ t. 


Solution: 


The curve is symmetrical about both the axes and in the first quadrant 
t varies from 0 to 1/27. 


Here dx/dt = ~ 3a cos*t sin t, dy/dt = 3b sin? t cos t. 
the required whole length of the curve 
= 4 ™ length of the curve in the first quadrant 


ag (ey (2) fo 


= 4)" V(9a? cost t sin? t + 9b?sin't cos*t} dt 


= afr sin t cos t V(a? cos? t + b?sin?t) dt. 
Now put a?cos?t + b?sin?t = 27, 
so that (-2a*sin t cos t + 2b? sin t cos t) dt = 2z dz. 
sin t cos t dt = (z/(b? — a”)} dz. 
Also z =a when t = 0 and z = b when t = 7/2. 
Hence the required length 


(b? +ab+a7) 
b+a 


=4x 
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Example 33: 
Find the length of the arc of the parabola x = 4ay from the vertex 
to an extremity of the latus rectum. 
Solution: 
The given parabola is x? = 4ay, (1) 
whose vertex is the point (0, 0) and whose axis is along the y-axis. 


Let s, denote the arc length of the parabola measured from the vertex 
0 (0, 0) to an extremity of the latus rectum (2a, a). 


Differentiating (1) w.r.t. x, we get 2x = 4a (dy/dx) or (dy/dx) = x/2a. 


2a ay) 
the required arc length s, = J. /y1+[30] pax 


in {2 ar -3f V(x? 44a? dx 


4 [sve +422) +4 fogin + VO? +)| 


20 


2al[2 
a [v2 + log (1 + ¥2)}. 


0 


Example 34: 
Prove that the lengths of the loop of the curve 3ay” = x (x ~ a)? is 
4aN3. 
Solution: 
The given curve is symmetric 
about the x-axis. 


At y = 0, we have x = 0 and 
x = a. So for the loop, x varies from 
,0 to a, The equation of the given 
curve is 3ay? = x (x - a)*. 

Taking logarithm, we gave log 
3a +2 logy = log x + 2 log (x a). 

Now differentiating w.r.t. x, we 


2. _ _3x-a 


1 
xX xX-a  X(x=a)" 


Fig. 2.4 
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wy _ Gx-a)? y? 
ead (z x2(x-ay) 4 


= (3x-a)?x(x-a)? _ Gx- 
© xP (x-a)?-12a 12ax * 


. 1, Gx=#) _ 3xta 
T2ax V(12ax)* 


-, the required length of the whole loop 


“a 


-ff 3x+a_yy 
peace 
ah Gx 


V2 4 ax-W2) dx 


~ - Tank 


o afo der sam] 
Val 3 lo 


Example 35: 

Find the perimeter of the loop of the curve Yay? = (x — 2a) (x - Sa)’. 
Solution: 

The given equation of the curve is Yay? = (x — 2a) (x ~ Sa), ...(1) 

Shifting the origin to the point (2a, 0), the equation (1) becomes 
Yay? = x (x - 3a), (Here we have 3a in place of a). The required length is 


Maxta 
= 2h. Tega = 48 V3. 


Example 15: 
Find the perimeter of the loop of the curve 3ay? = x° (a ~ x). 
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Solution: 
The given curve is 3ay? = x? (a — x) wl) 
Here the curve is symmetrical about the x-axis. Putting y = 0, we get 
x = 0, x =a. So the loop lies between x = 0 and x = a. Differentiating (1) 
wrt. X, We get 


bay & = 2ax - 3x? 
or oy 2 ee, 
dx 6ay 
2 2 2 
d 2(2a-3x)2 2(9a—3x)2 
1+(2) oy + $038)? |, x? a=3x)? 
dx 36a7y? 12a x? (ax) 


substituting for 3ay’ from (1) 
(2a - 3x)? _ 12a?-12ax+(2a-3x)? _ (4a-3x)? 
12a (a-x) 12a(a-x) 12a(a-x) 
©. the required length of the loop 


= twice the length of the half loop of lying above 
the x-axis, (by symmetry) 


-2ffie(2) fo 2p [Ela 


(4a —3x) 
dx 
Test V(a-x) 

1 a3(a-x)+a 
Tate V(a-x) am 


1 i 3a- x), a 
ee V(a-x) Te-n|* 


J [BV (a-x) +a(a—x)7!? Jdx 


4 


7 woah 


3. 2a- -x)3? es 


< lo 


- Ton [2a3? +2037] = = 
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2 af 3a? -2x?)?_ rise 
Ba? (a? —x?), 

_2 psa? - 2x? 

aV270 V(a? -x?) 


- 26 2(a? =x?) | a? 
Va? =x?) Va? =x?) VI" 


a, V2 pa? 
= 2 22 ydee 22 (8 
; f2ve@ )dx + bTataa®™ 


a) 
2 a =x 3 wos] ala sf 
a 2 2 a aly 


= 22/04 <2). V2xax% = naV2. 
2 2 


Example 37: 
Find the length of the astroid x7? + y?} = a@?. 
Solution: 
The given astroid is x2° + y*3 = a, wf) 


The curve is symmetrical in all the 
four quadrants. For the arc of the curve 
in the first quadrant x varies from 0 to 
a. Differentiating (1), w.r.t. x, we get 

213 4 2y Y W9 
3 3 dx 
3 
so that oy == (2) 
dx x 


«”. the required whole length of the 
curve 


=4 x length of the curve lying in the 
Ist quadrant 
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«fy (E) fhe 


2/3 4 y 2/3 aVv(a2/3 
= apts +y day = fe Dox 


lo x3 


x 
of 13gy' = gai [323] 2 
= 4a fox ‘dx = 4a 2* = 6a. 
lo 


Example 38: 


Prove that the length of the curve x23 + y?? 
(0, a) to the point (x, y) is given by s = 3/2(ax?)!*. 


a°? measured from 


Solution: 


Do your self. 
The arc length of the astroid from x = 0 to x = x is obtained as 


3 as) = 3 (ay23 
V3 2423] = =—(ax?)!3. 
2 lo 2 


Example 39: 

Find the length of one quadrant of the curve {x/a)?? + (y/by?? = 1. 
Solution: 

Do your self. 

The parametric equations of the given curve are x = a cos? t, y = b sin t. 
Example 40: 

Show that 8a is the length of an arch of the cycloid whose equations 
arex =a(t—sin), y = a (1 — cos). 
Solution: 

The given equation of the cycloid are x = a(t — sin t), y = a (1 — cost), 
We have dx/dt = a (1 ~ cos t), and dy/dt = a sin t. 


ben sit 
dy _dy/dt __asint___ Sin teos5t Seoite 
dx dx/dt a(1-cost) 2sin? te 2 


Now y = 0 when cos t = 1 ie, t= 0. Att = 0, x = 0, y = 0 and 
dy/dx = 0. Thus the curve passes through the point (0, 0) and the tangent 
there is perpendicular to the x-axis. 
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Again y is maximum when cost = - 1 ie, t = 2. When t = 7, x = am, 
y = 2a, dy/dx = 0:Thus, at the point (az, 2a) the tangent to the curve is parallel 
to the x-axis. 
Also in this curve y cannot be negative. Thus, an arch OBA of the given 
. sycloid is as shown in the figure. It is symmetrical about the line BM which 
is the axis of the cycloid. : 


Y 


wen (3) (8) (8) 


= {a (1 — cost)}? + (asint? 


Ly boy 
=a (2sin? Z+) +(2sin teos2) 


= 4a? sin? 3 (sin? it +cos? 3) = 4a? sin? a 

(1) 

If s denotes the arc length of the cycloid measured from the cusp O to 

any point P towards the vertex B, then s increases as t increases. Therefore 

ds/dt will be taken with positive sign. So taking square root of both sides 
of (1), 


we have ds/dt = 2a sin 3h 


or ds = 2a sin seat 

At the cups O, t= 0 

and at the vertex B, t = x. 

Now the length of the arch OBA = 2 ~ length of the arc OB 
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= 2f" 2asin trae =4a -2cosht 
“to 2 2 


iad 
= 8a [oosde] 


=~ 8a [0 - 1] = 8a. 


0 


Example 41: 
Find the perimeter of the curve x + y? = a. 
Solution: 
The equation of the curve is x? + y? = a’. (1) 


Here the curve is the standard equation of the circle with centre 
(0, 0) and radius a. Also it is symmetrical about both the axes. So the 
required perimeter will be four times the are length lying in the first 
quadrant i.e., between x = 0 to x =a. 


Differentiating (1), w.r.t. x, we get 2x + 2y (dy/dx) = 0 
or (dy/dx) = - (x/y) = — x/V (a? - x2), from (1). 
.. the required perimeter 


= 4 x {length of the arc in the first quadrant from (0, a) to (a, 0)} 


5 dy 
dx, putting for a 


a(t —™ — a4 [s(2)] 
~ 4a)0 Ya? —x?) 8 a) |, 


= 4a (sin! (1) - sin! (0)) 


=4a [$=-0] = 2an. 


Example 42: 


Find the length of the arc of the semi-cubical parabola ay? = x* from 
the vertex to the point (a, a). 


Solution: 
The given curve is ay? = x?. (1) 
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It is symmetrical about the x-axis. We have to find the length of the 
arc from x = 0 to x = a in the first quadrant. 


Differentiating (1) w.r.t. x, we get 2ay (dy/dx) = 3x?. 


d 2 3x? : 
i = = = JaQx/ay2* substituting for y from (1) 
ay i 


= 3 (x! sal?), 


required length 
ep Wey le 
= Foo 14(2) idx 
9: 1a 
= Gyre fax = Tyg hoxt aay? ds 


set [2 32 1P 
[2 (9x +4a) 3], 


2Va 


1 3a)32 2 
—— [13a da 
[(13a) (4a)"*) 


= (a/27).[13 V(13) ~ 8]. 


Example 43: 

Show that the length of the arc of the curve x? = a (1 ~ e”) measured 
Jrom the origin to the point (x, y) is a log {(a + x)/a — x)} - x. 
Solution: 

The given equation of the curve is x? = a? (1 — e%) 


or ey/a = 
or Xe 
a 
or bed 
or y = a log (a? ~ x?) - aloga? wD) 


Differentiating (1) w.r.t. x, we get 
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required arc length 


dy ye 4a2x? i 
ik ax = Mera dx 


=f a? +x? 
O\ a? - x? 


Example 44: 
Rectify the curve or find the length of an arch of the curve 
x=a(t+ sin, y =a (1 - cost). 
Solution: 


Differentiating the given parametric equation of the cycloid w.r.t. t, we 
have dx/dt = a(1 + cost), and dy/dt = asint. 


t 
x 
y 


wud 


-" 
-an 
2a 


wud 


t 
x 
Ba 


Ed 
an 
2a 


Fig. 2.8 
If we measure the arc length s_in the direction of t increasing we have 


a. Hay (ey 
dt dt dt 
= V{a? (1 + cost)? + atsin? t} 
=a {1 + cos*t + 2cost + sin?t}!? 


V2 
=a V2 (t+ cost)? =a V2 (2c0s? 21) 
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i.2,8 = 0. 
Also r is maximum when cos@ = — 1 
ie. @ = 7 and then r = 2a. 

As @ increases from 0 to x, r 
increases from 0 to 2a. So the curve 
is as shown in the figure. 

By symmetry, the perimeter of 
the cardioid 

=2 x the arc length of the upper 
half of the cardioid. 


Now differentiating (1) w.r.t. 8, 
we have dr/d@ = a sin 8. 


Fig. 2.9 
ds 7 dr i 2 yz 2 sin? 
We have (S) -e+(4) = a? (1 - cos 0)? + a’sin?O 


2 2 
=a (2sin? je) +2°(2sin.0cos30) 


= 42? sin? zo (sin? $0008? ie) 


1 
= da?sin? —0. 
4a? sin 2 


If s denotes the arc length of the cardioid measured from the cusp O 
(ie., the point @ = 0) to any point P(r, 0) in the direction of 6 increasing, 
then s increases as 0 increases. Therefore ds/d® will be positive. 

Hence from (2), we have ds/d@ = 2a sin 1/20. 

or ds = 2a sin 1/26 d0 

At the cusp O, 8 = 0 

and at vertex A, @ = 7. 


the length of the arc OPA = Jf 2asinj-0a9 


x x 
~ 4a [-cos2] =~ 4a [cos3] =- 4a (0-1) = 4a 
210 210 


the perimeter of the cardioid = 2 x 4a = 8a. 


Example 47: 
Find the entire length of the cardioid r = a (1 + cos @). 
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Solution: 

The given curve is r = a (1 + cos 6). (1) 

It is symmetrical about the initial 
line and for the portion of the curve 
lying above the initial line 6 varies 
from 6 = 0 to 8 = x. 

Now differentiating (1) w.r.t. 0, 
we have dr/d@ = - asin 0. 

If s denotes the arc length of the 
cardioid measured from the vertex 
(ie., the point 6 = 0) to any point P (r, 
6) in the direction of @ increasing, we 
have 


= V{a? (1 + cos 0 + (- asin 0} 
2 2 
= of? (2 ie) +4?-(2sinL0cos@) | 
2 22 

=2a feos so4sin? L@cos? jo} 

: 2 heard} 
=2a cos! Locos? dessin? 40) 

2 2 2 
=2a Aco? 0) = 2acos 10. 
; 2 2 


ds = 2acos 30 dn. «A2) 


Let s, denote the arc length of the upper half of the cardioid (ie., from 
@ = 0 to 8 =n). Then 
$1 x 1 Pa 
ji ds § 2acos-0d0 = 2a [2 sino] 
or 5, = 4a [sin x sino] = 4a (1-0) = 4a, 


<. by symmetry, the whole length of the cardioid = 2 x the arc length 
of the upper half of the cardioid = 24a = 8a. 
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Also differentiating (1), we get dr/d9 =~ asin 0. 


By symmetry, the required length of the cardioid = 2 the arc length 
from @ = 7/3 to @ = x of the upper half of the cardioid 


( | 

= 2f ,v{a? (1-c0s0)? + (asin)? }a0 

=2af" Vv (2sin2 do) +4sin? Locos? Lolae 
m/3 2 2 2 


= 4af®,V4sin? Lo{ sin? 40 + cos? 40 }iu0 
n/3 2 2 2 


x 


ae 
= 4a ,sin 040 = 4a [-200s,0| 


n/3 


=- 8a [:os}x-cost ] ~— 80 [o-4vs| = 4a v3. 


Example 52: 


Find the length of the are of the equiangular spiral r = a &", taking 
5 = 0 when 0 = 0. 


Solution: 
‘The given equiangular spiral is r ~ ae®«**, wa) 
Differentiating (1) wert. 0, 
we get dr/dO = ae**. cota = rcota. 


If s denotes the are length of the equiangular spiral measured from 
0 = 0 to any point P(r, 9) in the direction of @ increasing, we have 


(ee | Dee a ee 
e+ (s)} V(P +P cota) =rcosec a 


= ae, cosec a. 


or ds = ae** x cosec a d0. 


: s 0 
©. Integrating, 5 ds = acosec af e*a0 
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1 Be 
or s =acosec a, ——-|e°"* 
cota. lo 


= asec at [e°** — e°] = aseca [e?™*— t]. 
Example 53: 


Find the length of the arc of the equiangular spiral r = ae*“" between 
the points for which radii vectors are r, and r, 


Solution: 
The given curve is r = ae®s* wl) 
Differentiating (1) w.r.t. 6, we get 
dr/d@ = ae®*, cota = rcota, from (1). 
dO/dr = 1r cot a) ie., (r dO/dr) = tana. (2) 


If s denotes the arc length of the given curve measured in the direction 
of r increasing, we have 


ds _ 2(d9)° 
7 “fe (*) | 
= V(1 + tan? a) = ¥ (sec? a) = sec a, 


or ds = sec a dr. 
Let s, denote the required arc length ie. from r =r, tor =r. 


S " 5 
ren fds = i secadr = (sec a) tly 

a s, = (sec a) (r, ~ 1). 
Example 54: 


Find the length of any are of the cissoid r = a (sin® 8/cos 0). 
Solution: 
The given curve is r = a (sin? O/cos 8) 
or r =atan@ sin 9. sol TF 
Differentiating (1) w.r.t. 8, we have 
dr/d® = a [tan @ cos @ + sec?@ sin 6] 
=a [sin ® + sec?6 sinO] = asin 6 [1 + sec?6). 
We have (ds/d0)? = P + (dr/d0)? 
= a? tan?6 sin?@ + a? sin? 6 (1 + sec? 6)? 
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= a? sin’® {tan?6 + (1 + sec? 6") 

= a? sin?@ [tan?® + 1 + sec! + 2sec?0) 

© [sec?O + sec*® + 2sec?0] 

= a? sin?@. sec?@ [3 + sec? 6] 

a? tan?6 [3 + sec? 6]. w(2) 


If s denotes the arc length of the cissoid measured from the point 
9 = @, in the direction of @ increasing, then ds = a tan VG + sec 20) d0, 
‘on taking square root of (2) and keeping the +ive sign. 


Let s, denote the required arc length from @ = 8, to 0 = @,. Then 


n 


fis- {os a tan (3 + sec? @)d8 


af? sin@ 
“Jo, cos® ‘ 8 


2 sin® 
« rN : 


(1+3cos? @)d8 2B) 


Let us first evaluate the ‘acai integral 


© 11 + 3cos? o}as. 
cos? 0 { } 
Put cos 8 = t so that — sin @ d@ = dt. 
Then T=- 


J dt -j 3dt 
== 4? V43t?) Yas3e) 


To evaluate the first integral, put t = I/z so that dt = — (1/z?) dz. 


V(1+3t?) (14+3t?) 
[yee =- [oyea 


dt ——= 
Then V(1+3t?). Sra 
2zdz 


Is ie +3) 


= V(z + 3), by power formula 


- (9) - [Ge -ewo ea. 
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Also the second integral 
3d at 
7 rer SS) 
=~ %3 log Gs +4} 
== 1B log {ooo \( cos? oth 


3 
1 = W(sec? 0 +3) - V3 log {ooo (« cos? O+— a 
Hence from (3), we get the required arc length 


3) = in V(sec? 0 +3)-V3.a log os0 + V( cos? + Hy 


= £(8,) - £@)), 


0» 


where £(8) = a V(sec? 8 + 3) -— a V3 log {cose + v(sos ost}. 


Example 55: 
Find the length of the curve r!3 = 8 cos (8/3). 


Solution: 
The given curve is r'> = 8 cos (0/3) 
or r = 512 cos} (6/3). aN) 


The curve (1) is symmetrical about the initial line. 
We have r = 0 when cos (6/3) = 0 


ie, 0/3 = + n/2 

ie, 6 = - 3x2 

and 6 = 30/2. 

The entire length of the curve = 2. (length of the curve from 

@ = 0 to 6 = 37/2). From (1), 


ts 2 OV _ gin ®).1 
512.3 (cos 3}( sing) 3 


= - 512 cos* Ssin2. 
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Solution: 
The given curve is r = a + bcos ®, (a > b). (1) 
Note that b/a is given to be small 

so we must-have b < a. The curve (1) 

is symmetrical about the initial line and 

for the portion of the curve lying above 
the initial line © varies from 6 = 0 to 

O=n. 

By symmetry, the perimeter of the 
limacon = 2 x the arc length of the 
upper half of the limacon. 


Now differentiating (1) w.r.t. 6, 
we have dr/d@ = — b sin 8. 


werme (#) =7+(#) 


de de 
= (a + bcos 6) + (— bsin6)? 
= a? + bcos? @ + 2abcos 6 + b’sin? 6 
=a? + b? + 2abcos 0. 


If we measure the arc length s in the direction of @ increasing, we have 
ds/d@ = V(a? + b? + 2ab cos 6) 


or ds = V(a? + b? + 2ab cos @) dO. 
The arc length of the upper half of the limacon 


aye 
= [7 Via? +b? +2abcos0)a0 = aff [1+ Beano) 40 
lo 0 a a? 


a(3 ) 

=|=-1 

a 2 

=f" 1 Beoroe Oey 22 1( ao 
lo a a? 


ero cos? 0) 49, 
a ! 


expanding by binomial theorem and neglecting powers of b/a higher than 
two because b/a is small 


2 
- afl + Beosd + FE (In cos? 0) 


_ofl,.2 1b? 5 
= af, [1+Beosos 1 sin 6 d8 
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the perimeter of the limacon 
= 2 an [1 + (b*/4a7)] = 2am [1 + (b*/4a*)], 
Example 57: 

Show that the whole length of the \imacon r = a + b cos 0, (a > b) is 
equal to that of an ellipse whose semi-axes are equal in length to the 
maximum and minimum radii vectors of the limacon. 

Solution: 
The whole length of the limacon 


= 2f- V(a? +b? +2abcos6)d®, (prove it here). AA) 

Also the maximum and minimum radii vectors of the limacon are given 

by cos @ = | and cos @ = — | and the they are respectively a + b and 
a-b. 


Now, the parametric equations of the ellipse with major axis as (a + b) 
and minor axis as (a — b) may be taken as 


xX =(a+b)cos$, y =(a—b) cos >. +2) 
Differentiating (2) w.r.t. 6 , we have 
dx/do = - (a + b) sing , dy/idb = (a - b) cosd. 
Now the ellipse (2) is symmetrical in all the four quadrants and for the 
portion of the ellipse lying in the first quadrant @ varies from 
o=0tod = 12a. 
By symmetry, the perimeter (whole length) of the ellipse = 4 = the arc 
length of the ellipse lying in the first quadrant 


aa” {He +b)sing}” + {(a-b) cos}? js 
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= af V{a? sin? § + b? sin? $ + 2absin? 6 +a? cos? + b? cos? 
~2abcos? o}dp 
= af’ V{a? +b? -2ab(cos? 4 - sin? 4) had 
= af” V{a? +b? - 2abcos26}ap. 
Now put 2 = t so that 2dp = dt. 
Also when $ = 0, t= 0 
and when $ = 7/2, t= 7. 
Then the whole length of the ellipse 
mail lez sb? 1 
= af V{a? +b ~ 2abcost} = dt 
= 2)" V{a? +b? ~2abcost}at 
= 2)" V{a? +b? -2abcos(x—t)}et, 
* a 
[= 5 £(x)dx = . f(a a] 
‘ 
= 2f° V(a? +b? +2abcost)dt 


= 2)" V(a? +b? +2abcos0)40, 


iB fir00e = fra] 


= the whole length of the limacon, [from (1)]. 
Example 58: 
Show that the length of a loop of the curve 
1dr 
yay = fe ey E 2 —S— 
3x*y - y Ge + yp is 2 lo Ta=15)" 
Solution: 
Changing to polar form by putting x = rcos 0, 
y = rsin ®, the given equation of the curve becomes 
3r°cos*@ * rsin® ~ Psin@ = (FP 
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or 8 (3 sin 6 cos? @ — sin’ @) = 1° 

or 3sin 6 (1s 

or 3 sin @ — 3 sin’ @ — sin’@ = F or F = 3 sin® — 4 sin’ 
or f +30. oA) 


Differentiating (1) w.r.t. 0, we have 
3r° (dr/d8) = 3 cos 30 or (dr/d8) = (cos 30)/r*. 


2 =r, ie 
dr “cos38 — cos30 
sin30 ~ 
= cos30 7 an 30, from (1). 


From (1), r= 0 when sin 30 = 0 ie., when 30 = 0, x ie., when 0 = 0, 
7/3. Thus, two consecutive values of 6 for which r = 0 are 0 and 0/3. 
Therefore one loop of the curve lies between @ = 0 and 7/3. Also r is 
maximum when sin 36 = 1 ie., 30 = 2/2 ie, @ = 7/6. Therefore half of the 
loop extends from 6 = 0 to 6 = 7/6. 


When 6 = 0,r=0 
and when 6 = 7/6, r = 1. 
the required length of a loop 


=2f, {ise (2 al fe (by symmetry) 


1 2 aft! _ dr 
= 2f,V {1+ tan? 30}dr = 2[/see 30 dr = 2), 
! dr 1dr 
= 2f'———t__ 2 
2h Ticats” 2 Tay son) 


Example 59: 

If's be the length of the curve r = a tanh 1/28 between the origin and 
® = 2n, and A be the area under the curve between the same two points, 
prove that A = a (s ~ an). 

Solution: 

The given curve is r = a tanh 1/20. w(1) 

Differentiating (1) w.r.t. 8, 

we get dr/d@ = a x 1/2 sec h? 1/20. 
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=12 (1-seen? 40)ao 
2. 1 
1 1 2x 

= $2"[0-21anh 10] 
2 0 

= $a?[2x-2tanh] 


=a? [x - tan ha] 
=a [ax — atanhz] 
=a [(2az — atanh x) — an) 
=a(s— an), from (3). 
Example 60: 
dr 
Prove the formula s = {—— 
V(r? =p?) 
Show that the arc of the curve p? (a’ + r/) = a‘r? between the limits 
r= b,r = c is equal in length of the arc of the hyperbola xy = a’ between 
the limits x = b, x = ¢. 
Solution: 
From differential calculus, we know that 


= 1 hey etal 
“Tree yey [- p=r sind] 


peer ey 
V(r? =p?) 
r 


=— tar 
Thus Veop) 
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Example 61: 

Show that the intrinsic equation of the parabola y? = 4ax is 
S = acoty cosecy + alog (cot y + cosec y), y being the angle between 
the x-axis and the tangent at the point whose arcual distance from the vertex 
iss. 


Solution: 
The given parabola is y? = 4ax. (1) 
Differentiating (1) w.r.t. x, we get 2y (dy/dx) = 4a. 


tan y = dy/dx = da/2y = 2a’y. e(2) 
If s denotes the arc length of the parabola measured from the vertex 
(0, 0) in the direction of y increasing, then 


RLY 
“dy 2a 


4a? +y? 
= Ae LN equ yy? 
- i{ Ta |. 7 V(4a? +y?), 


ds = -V(4a? +y? dy, 
2a 


eT ee 
Sf (aa? +y2 Jay 


4 


F s 
Integrating, S, ds 


| [1 fa? +y2)4+-aa2 V(4a2 +2). 
or s=5° 310 +y )+ 54a? logly + (4a2 +y HY, 


= (1/2a) [3y V(4a? +y2)+ tae? logy + (4a? +? )} 


| ga? 
~z-da* log2a 
pt oan] 


(G3) 


Now to obtain the intrinsic equation of the given parabola we eliminate 
y between (2) and (3). From (2), we have y = 2a cot y. 


Putting this value of y in (3), we get 


= L |yv(4a? +y?)+4a? log G2 * YD Vesa? +y") 
da 2 


a 
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- [2acor w V(4a? +4a? cos? y) 


+4a? log 


2acot y + V(4a2 +4a? cot? »| 
2a 


1 /| 2 2 2 
Gul 2acot y)-28 V(I + cor? y) +42? logfeot y + V(1+ e0t vi] 
= acotycosec y + alog (cot y + cosec y), which is the required 
intrinsic equation. 
Example 62: 
prove that Prove that the intrinsic equation of the parabola x? = day 
is s = atanysecy + alog (tanw + sec). 
Solution: 
We get tan w = dy/dx = x/2a. wa) 


nef [ys = ELM aa? #22) 


x+V(x? +4a? | 


(2) 
Fi (2) 


4a 
Eliminating x from (1) and (2), we get s = a [tan y sec y + log (tan y 
+ sec y)), 
which is the required intrinsic equation. 


=i [asta +x?) +4a? log 


Example 63: 

Find the intrinsic equation of the parabola y’ = 4ax. Hence deduce the 
length of the arc measured from the vertex to an extremity of the latus rectum. 
Solution: 

We have already obtained the intrinsic equation of the parabola y? = 4ax 

s =a[cosec y cot y +log(cosec y+coty), ...(1) 


where y is the angle between the x-axis and tangent at the point whose arcual 
distance from the vertex is s. 

Now in the intrinsic equation (1) of the parabola the arc length s has 
been measured from the vertex. We want to find the length of the arc from 
the vertex to an extremity of the latus rectum Let this length be s,. 

At an extremity of the latus rectum, y = 2a. Also tan y = y/2a. So at 
an extremity of the latus rectum, tan y = 2a/2a = | ie, y = 7/4. 

So putting y = 7/4 in (1), we get 
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s,=a cosec teat + lop cosec-+n + ott) 
4 4 4 4 


a [V2 + log (1 + ¥2)}. 

Example 64: 
Show that the intrinsic equation of the semi-cubical parabola 
3ay = 2x is 9s = 4a (sec? y - 1). 


Solution: 
The given semicubical parabola is 3ay? = 2x°. wn) 
Differentiating (1) w.r.t. x, we get 6ay (dy/dx) = 6x? 
dy _ x? _ x? 
or = = =—__—_—__= 
dx ay avV(2x3/3a) 
a {S) 
tany = 5 = vWhaa)- (2) 


If s denotes the arc length of the given curve measured from the point 
(0, 0) to any point P (x, y) in the direction of x increasing, then 


et ( (2 i ~ 2) 
3x)? {14+ Gx/2a)}32]° 
Z f-¥) «-| ECE | 


_ 4a 3x)? 
-${(-2)"-| 6) 


Eliminating x between (2) and (3), we get 


4a 2,,\92 4ayo3 
= Sa (vetm v) -1] = F (see y-l), 
which is the required intrinsic equation of the curve. 
Example 65: 


Show that the intrinsic equation of ay? = x* taking its cusp as the fixed 
point 27s = 8a (sec'y — 1). 


Solution: 
The given curve is ay? = x. (1) 
We get 
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-¥ 31,2 
any == 5y% 2) 
and 
1 32932 
so 9x)?? - 
ak [(4a +9x)>? —8a |: 3) 
Eliminating x between (2) and (3), we get 27s = 8a (sec y ~ 1). 
Example 66: 


Find the intrinsic equation of the catenary y = c cos h (x/c). 
Hence show that cp = c’ + s*, where r is the radius of curvature. 
Solution: 

The given curve is y = c cosh (x/c). vA) 


Differentiating (1) w.r.t. x, we get dy/dx = ¢ sinh (x/c),(I/c) = 
we: 


tan y = dy/dx = sinh (x/c). (2) 
If s denotes the arc length of the catenary measured from the vertex 
(0, c) to any point (x, y) in the direction of x increasing, then 


= Lhe(2) ‘fox fi fp [frsin? hu 


x x a x 
= Jicosn~ x =esinh >. (3) 


Eliminating x between (2) and (3), we get s = c tan y, which is the 
equation of the catenary. 


2 
Also p= = csecty = (1 + tan?y) = ef 14 
dy c 


or cp=c+ st. 
Example 67: 

Show that the intrinsic equation of the cycloid x = a (t + sin), y = a 
(1 — cost) is 

s =4asiny. 

Hence or otherwise find the length of the complete cycloid. 
Solution: 

The given equation of the cycloid are 
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ax dx/dt 


~asint 
= = - tant 
acost 
“Hence tan y = dy/dx 
= — tant = tan (-I) 
so that wet (2) 


Measuring the arc length s from the point t = 0, we have 
{37-2} 
oy dt dx 


= fiV(a? cos? t +a? sin? t)dt = af’ dt 03) 


Eliminating t from (2) and (3), the intrinsic equation is 
s=a(-w)ors+ ay =0. 


Example 69: 
In the four-cusped astroid x7? + y?4 = a4, show that 
@ s= 7 acos? y, s being measured from the vertex: 


Bie 
> asin’ y, s being measured from the cusp on x-axis; 


i) s= 
(iii) whole length of the curve is 6a. 
Solution: 
The parametric equation of the given curve are 
xX = acos*t, y = asin't. 
We have dx/dt = — 3acos*t sin t, a 
and dy/dt = 3a sin? t cost. 
Sasin? ~ tant. 


dy / dt . 


Sol we have tan y = dy/dx = — tant = tan ( 
went 
2 2 2 
(3) -(3) 2) 
dt dt 


Now os 
jow r 
= (9a? cos‘ t sin? t) + (9a? sin‘ t cos? t) 
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= 9a? sin? t cos? t (cos? t + sin*t) 
= 9a? sin? t cos? t. (3) 


Fig. 2.14 

() If denotes the arc length of the given curve measured from the vertex 
(ie., the middle point of the arc in the Ist quadrant) to any point P 
lying towards the cusp on x-axis, then s increases as t decreases. 

Therefore ds/dt will be negative, so from (3), we have 

ds/dt = — 3asint cost 
or =— 3asintcostdt. wl) 
Now at the vertex of the given curve, we have t = n/4, 

from (4), the arcual distance s measured from the vertex is given by 


ae oo Baift- 
x= xf, sintcosdt = - FJ ysinzeat 
= _ 3a [- coxa 
2 2 Jus 
3 
= qaoos2t. oS) 
Eliminating t between (2) and (5), the required intensity equation of the 
curve is 
Scab 
s 4 acos {2 (- y)} 


3 
4 


acos 2y. [- cos (-8) = cos 6] 
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(ii) Ifs denotes the arc length of the given curve measured from the cusp 
‘on x-axis to any point P lying towards the second cusp on y-axis, then 
s increases as t increases. Therefore ds/dt will be positive. Hence from 
(3), we have 
ds/dt = 3a sin tcost or ds = 3a sint cost dt. 
Also at the cusp on x-axis, we have t = 0. 


2,7 
s = f'3asintcostdt = 3a |= 
0 2 |5 


iat 
> asin't. 


Eliminating t between (2) and (6), the required intrinsic equation of the 
curve is 


or se 


(iii) The whole length of the curve is already obtained. 


Volumes and Surfaces of 
Solids of Revolution 


3.1 Definition 

Solid of Revolution : If a plane area is revolved about a fixed line in 
its own plane, then the body so generated by the revolution of the plane area 
is called a solid of revolution. 

Surface of Revolution : \f a plane curve is revolved about a fixed line 
lying in its own plane, then the surface generated by the perimeter of the 
curve is called a surface of revolution. 

Axis of Revolution : The fixed straight line, say AB, about which the 
area revolves is called the axis of revolution or axis of rotation. 


3.2 Volumes of Solids of Revolution 


(a) The Axis of Rotation being x-axis : If a plane area bounded by the 
curve y = f (x), the ordinates x = a, x = b and the x-axis revolves about the 
x-axis then the volume of the solid thus generated is 


fixy?ax = fPttoor ax, 


where y = (x) is a finite, continuous and single valued function of x in the 
interval aS x <b. 
Or 


The volume of the solid generated by the revolution of the area bounded 
by the curve y = f(x), x-axis and the ordinates x = a, x = b about the 


; b 2 
x-axis is J my~dx. 
fa 


Proof: 

Let AB be the arc of the curve y = f (x) included between the ordinates 
x = a and x = b, It is being assumed that the curve does not cut the x-axis 
and f(x) is a continuous function of x in the travel (a, b). 
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Let P (x, y)and Q (x + 8x, y + dy) 
be any two neighboring point on they, 
curve y = f(x). Draw the ordinates 
PM and QN. Also draw PP’ and QQ 
perpendiculars to these ordinates. 

Let V denote the volume of the 
solid generated by the revolution of 
the area ACMP about the x-axis and 
let the volume of revolution obtained 
by revolving the area ACNQ about 
x-axis be V + 8V, so that volume of 
the solid generated by the revolution 
of the strip PMNQ about the x-axis Fig. 3.1 
is 8V. 

Now PM =y, QN=y + dy and MN = (x + x) x = 8x. Then the volume 
of the solid generated by revolving the area PMNP' = zy5x and the volume 
of the solid generated by revolving the area Q’MNQ = x (y + 5y)°8x. 

Also the volume of the solid generated by the revolution of the area 
PMNOQP (i.e., the volume SV) lies between the volumes of the right circular 
cylinders generated by the revolution of the areas PMNP'P and MNQQ' i.e., 
8V lies between 


Cc MN D 


my’Sx and x (y + Sy) Sx 
or (8V/8x) lies between x y? and x (y + By)? 
ie, ny? < (8V/8x) < x (y + dy. 
In the limiting position Q —> P, 8x —> 0 (and therefore Sy —> 0), we have 
dV/dx = xy? or dV = ny? dx. 
b > < 
Hence f’ny?dx = fav = [v]"=? 
= (value of V for x = b) — (value of V for x = a) 
= volume generated by the area ACDB - 0 


= volume of the solid generated by the revolution 
of the revolution of the given area ACDB about the axis of x. 


» 
the required volume = nfiy? dx. 


() The Axis of Rotation being y-axis : Similarly, it can be shown that 
the volume of the solid generated by the revolution about y-axis of the area 
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between the curve x = f(y), the y-axis and the two abscissae y = a and y 
= b is given by 


b 2 
Jim xay. 
a 
(c) Volume of Solid of Revolution When the Equations of the Generating 
Curve are Given in Parametric Form 

(i) If the curve is given by the parametric equation, say x = $ (t), 
y= y (t), then the volume of the solid generated by the revolution 
about x-axis of the area bounded by the curve, the axis of x and 

ordinate at the points where t = a and t = b is 


bg 
= [xy? Bat = xf eycoy?¢rcnat. 


(ii) The volume of the solid generated by the revolution about y-axis 
of the area between the curve x = 6 (t), y = y (1), the y-axis and 
the abscissan at the point where t = a, t = b is 


bod) 
= fre Lat = xf tor yw. 


(d) Volume of Solid of Revolution When the Equation of the Generating 
Curve is Given in Polar Co-ordinates : If the equation of the generating curve 
is given in polar co-ordinates, say r = f(8), and the curve revolves about 
the axis of x, the volume generated 


Ba dx 


ea hi y2dx = xf yg”. 


xa = 
where a and B are the values of @ at the points where x = a and x = b 
respectively. 


Now x = rcos @ and y = rsin 6. Therefore the volume 
= xf r? sin? 04 (rcos6)d0, 
‘O-a do 

in which the value of r in terms of © must be substituted from the equation 
of the curve. 

A similar procedure can be adopted in case the curve revolves about the 
axis of y. 
Alternative Method in the Case of Polar Curve 


The volume of the solid generated by the revolution of the area bounded 
by the curve r = f(@) and radii vectors © = 0), 8 = 0; 


() about the initial line 0 = 0 (i.e., the x-axis) is 
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i a 
(ii) about the line @ = 02 (ie., the y-axis) is 


fig 2 nr3cos0d0, 
0, 3 
(iti) about any line (8 = y) is 
ii Zar sin(@ -7)d0, 


where in each of the above three formulae the value of r in terms of @ must 
be substituted from the equation of the given curve. 


3.3 Surfaces of Solids of Revolution 
(a) Revolution About the Axis of x : To prove that the curved surface of 
the solid generated by the revolution, about x-axis, ofthe area bounded 
by the curve y = f(x), the ordinates x = a, x = b and the x-axis is 


where s is the length of the arc measured from x = a to any point (x, y). 
Or 

Show that the area of the surface of the solid obtained by revolving about 
x-axis the arc of the curve intercepted between the points whose abscissa 
are a and b is 

b, ds 
Jey P= dx 
Proof: 

Let AB be the arc of the curve y = f (x) included between the ordinates 
x =a and x = b. It is being assumed that the curve does not cut x-axis and 
f (x) is a continuous function of x in the interval (a, b). 

Let P (x, y) and Q (x + dy, y + 5y) be any two neighbouring points on 
the curve y = f(x). 

Let the length of the arc AP be s and arc AQ = s + 6s so that arc 
PQ = ds. 

Draw the ordinates PM and QN. Let S denote the curved surface of the 
solid generated by the revolution of the area CMPA about the x-axis. Then 
the curved surface of the solid generated’ by the revolution of the area MNQP 
= 6S. 
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the solid thus obtained is equal to the arc multiplied by the length of the path 
described by the centroid of the arc. 


Proof: 

Let / be the length of the arc AB 
and let it revolve about OX. 

Let the absassae of the 
extremities A and B of the arc be a 
and b. 

Then the surface generated by 
the revolution of the arc AB about 
x-axis is 

x=b, 
i dd 

Also we know that (see the chapter on centre of gravity) the ordinate 
y, of the centroid of the arc from x = a to x = b, of length /, is given by 

b 


From (1) and (2), we get the required surface 

= Qny, = 1 « ny 

= length of the arc = length of the path described by the centroid of the 
arc. 
Notes: 

1. The closed curve or arc in the above theorems must not cross the axis 
of revolution but may be terminated by it. 

2. When the volume or surface generated is known, the theorems may 
be applied to find the position of the centroid of the generating area 
of arc. 

Ex. State and prove the theorems of Pappus and Guldin. 
Theorem 2: 

Volume of a Solid of Revolution: If a closed plane curve revoles about 
a straight line in its plane which does not intersect it, the volume of the ring 
thus obtained is equal to the area of the region enclosed by the curve 
multiplied by the length of the path described by the centroid of the region. 
Proof: 

Let AP,BP,A be the closed plane curve and let it rotate about the axis 
of x. is 
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Let AL (x = a) and BN (x = b) 
be the tangents to the curve parallel 
to the y-axis (a < b). Also let any 
ordinate meet the curve at P,, P, and 
let MP, = y,, MP, = y, so that y,, y> 
are functions of x. 

Now volume of the ring 
generated by the ‘revolution of the 
closed curve AP|BP_A about the axis 
of x = volume generated by the area 
ALNBP,A volume by the area 
ALNBP,A 


xfiys?dx - apy dx 


xfs? -y.2 dx. ) 
Also if ¥ be the ordinate of the centroid of the area of the closed curve, 
then 
‘D1 
es exon +y¥2M¥2 ~ yx 
A 
_ $ffo.? -vP? rae 


. (2) 
A 

where A is the area of the closed curve. 

Hence form (1) and (2); the required volume 

= 2n AY =A * 2ny 

= area of the closed curve <circumference of the circle of radius ¥ 

= atea of the curve * length of the arc described by the centroid of the 
region bounded by the closed curve. 

MISCELLANEOUS EXAMPLES 

Example 1: 

The arc of the cardioid r = a (1 + cos 9), specified by - 3 <O< 
ye is rotated about the line @ = 0, prove that the area of the surface 


4 
generated is = (8 - Vy na’. 
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=volume generated when ellipse is revolved about minor axis. 


Example 4: 
Find the volume of the solid generated by the revolution of an arc of 
the catenary y = ccosh (x/c) about the x-axis. 


Solution: 
The given equation of catenary is y = ccosh (x/c). Let AL be an arc of 
this catenary where L is the point (x, y). 


Take an elementary strip PMNQ perpendicular to the axis of x, so that 
PM = y and MN = dx. 


Fig. 3.6 


‘Now volume of the elementary disc formed by revolving the strip PMNQ 
about the axis of x = x. PM?, MN = my"dx. 


the required volume = firyrex 


xX > x 
= fre cosh — dx, [ y = cosh (x/c)} 


2 
= FE f+ cosh2* fn 
2 40! c 

2 x 
- ln +Ssinn 2% 
2 2 co 
2 
~ Ff Ssin24]. 
2 2 c 
The solid or revolution formed by revolving a catenary about its directrix 
is called a catenoid. 
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“Fly 


lc 


2 
a“ {(c+h)} -c3} 
2a‘ 


= oth? +3ch? +3c2h] = Vj, say. 


Now the volume of the portion of the solid generated by the hyperbola 
between the two given places (i.¢., between x = c and x = c + h) is 


0 


eth oy x? y? 
S ny'dx, where “5-1 1 


= BE [Lucem -2)-a8 (e+)-2)] 
2 
= eon +3ch? +3ch - 3a7h] = V,, say. 
a 
the required volume = V, - V> 


2 2 
= Poth +3ch? +3c2h]- eat +3ch? +3c2h-3a?h] 
a a 


mb7h = volume of the cylinder of radius b and height h, 


Example 6: 
Find the volume of the solid generated by the revolution of the curve 
y = aa + x*) about its asymptote. 
Solution: 
The given curve is y = a°/(a? + x?) 
or x’y =a? (a ~ y). wl) 
Equating to zero, the coefficient of the highest power of x, the asymptote 
parallel to x-axis is y = 0 i.e., x-axis. The shape of the curve is as shown 
in the figure. Take an elementary strip PMNQ where P (x, y) and @ (x + 5x,y 
+ Sy) are two neighbouring points on the curve. We have PM = y and MN 
= 6x. 
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P(x, y) 
O(x + Ex, y + dy) 


Fig. 38 


Now volume of the elementary disc formed by revolving the strip PMNQ 
about the axis of x is t PM?.MN = zy"6x. 


The curve is symmetrical about y-axis and for the portion of the curve 
in the positive quadrant x varies from 0 to «. 


the required volume 


wo 6 
= De ae a 
2], my?dx aa Neeewersrtad from (1) 
/2__ asec? 6d0 
=2n a [* sr Putting x = a tan 0 so that dx = a sec” @ dO 
iA a‘(1+tan? @)?” . 
o7 A ge 
sec? @ 


Example 7: 

The curve y (a + x) = x? (3a — x) revolves about the axis of x. Find 
the volume generated by the loop. 
Solution: 

The given curve is y* (a + x) = x? (a - x) (1) 

It is symmetrical about x-axis. Putting y = 0 in (1), we get x = 0 and 
x = 3a ie, a loop is formed between (0, 0) and (3a, 0). 

The volume generated by the revolution of the whole loop about x-axis 
is the same as the volume generated by the revolution of the upper half of 
the loop about x-axis. 
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The curve is symmetrical about both the axes. The coordinates of B are 
(0, a) and those of A are (a, 0). 


Take an elementary strip PMNQ where P is the point (x, y) and Q is 
the point (x + &x, y + dy) on the curve. We have PM = y and MN = 6x. 


Now volume of the elementary disc formed by revolving the strip PMNQ. 
about the axis of x is = ny76x. 


the required volume = 2fny?ax, by symmetry 
=? 23 _ 2/33 
anf (a2? — x7 dx 
(+ from (1), y?> = (9 - x74) so that y? = (a9 - x78))] 
/2 
= 2nf"" a? cos® 0. 3a sin? @ cos 0 49, 


putting x =asin’® 
so that dx = 3a sin’@ cos @ dO 


ape 
= 6x? |" sin? Ocos” 640 


3 16.4.2 _ 322a3 
105 * 


Example 12: 

The area of the curve x23 + 73 = a?? lying in the first quadrant 
revolves about x-axis. Find the volume of the solid generated. 
Solution: 

Do your self. 


I 
2° 105 ~—«*105 


The required volume = 


Example 13: 


Find the volume of the solid obtained by revolving the loop of the curve 
= x? (2a ~ x) (x — a) about x-axis. 


Solution: 
The given curve is ay? = x? (2a — x) (x - a). oN) 
The curve (1) is symmetrical about x-axis It passes through the origin 

but the origin is a conjugate point. The curve cuts the x-axis at the points 

(a, 0) and (2a, 0). and so the loop of the curve is formed between (a, 0) and 

(2a, 0). 
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Take an elementary strip PMNQ where P (x, y) and Q (x + 5x, y + dy) 
are two neighbouring points on the curve and PM and QN are perpendiculars 
from the points P and Q respectively, on the y-axis. 


We have PM = x and MN = éy. 


Now volume of the elementary disc formed by revolving the strip PMNQ 
about y-axis is 


=n. PM?.MN = mx? éy. 
Clearly to form the required basin y varies from 0 to 8. 
the required volume (i.e., the capacity in cubic inches) 


8 2 8 
= fi gmay = f'ncoay??, from (1) 


8 
8 3 48 
= lon fi y?8dy = 16x [3], = 2 


1536n 
=~ cubic inches. 


Revolution about any axis: 


Example 15: 
Find the volume of the solid generated by the revolution of the cissoid 
(2a — x) = x about its asymptote. 
Solution: 


The given curve is y? (2a — x) = x°. Its shape is as shown in the figure. 
Equating to zero the coefficient of highest power of y, the asymptote parallel 
to the axis of y is x = 2a where P is the point (x, y) and Q is the point 
(x + 8x, y + dy). 


We havePM = 2a — x and MN = dy. 


Now volume of the elementary disc formed by revolving the strip PMNQ 
about the line x = 2a is 


=m. PM?. MN = x (2a - x)? by. 
The given curve is symmetrical about x-axis and for the portion of the 
curve above x-axis y varies from 0 to =. 
the required volume = 2[”  (2a—x)* dy. ) 


From the given equation of the curve y? (2a — x) = x? we observe that 
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the value of x cannot be easily found in terms of y. Hence for the sake of 
integration we change the independent variable from y to x. 


y 
Fig. 3.12 
3 
The curve is y? = rere 
2 dy _ (2a-x)-3x? - x3(-1) - 2(3a - x)x? 
Y ox (2a-x)? (2a-x)? 


_ Ga-x)x? V(2a-x) 
ay (2a-x)? xVx 7 
= Gaxx)VxV2a-x) 4 
(Qa-x)? ; 


or 


Also when y = 0,x = 0 
and when y — ©, x -» 2a. 
Hence from (1), the required volume 
5 f2* _yy2| Ga-x) Vx V(2a-x) 
= dxf" (2a-x) (pesnigaee lax 


= nf.” (Ba—x) Vx V(2a- xpd. 
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Let LL' be the latus rectum. The 
area bounded by the arc OL and the 
chord OL is revolved about the chord 
OL. 

Let P(x, y) and Q(x + x,y + 
by) be any two neighbouring points 
‘on the arc OL and PM, QN be the 
perpendicuars from P and Q 
respectively on the axis of revolution 
OL. 


Now volume of the elementary 
disc formed by revolving the strip 
PMNQ about the chord OL is 


=n. PM?.MN = x. PM?.d (OM). Fig. 3.13 
Also equation of the chord OL is 
2a-0 
-0= -0) -ys m 
y-0= FT >(x-Oie, 2x-y=0 wl) 


=PM = the length of the perpendicular from (x, y) to (1) 
2x-y  _ 2x-y 
V@?+?) v5” 

and OM = V (OP? — MP?) 


= 24 y2)_x-y)? | _ x+2y 
vi a, 5 vs ¢ 


Now the required volume = J" | x (PM)? 8 (OM). 
[~~ for the arc OL, x varies from 0 to a) 
of o(2-y 2 (233%) 
far vs ) 4s 
sf {2=2ue/ d (x22aven 
0 


x Vs a& ¥5 
Tv y=2V@n) 


=7_[px= 2 sete 
ard co 2V(ax)} (i+4va =} 
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= Sef? ~2Vax3? + 2(2) fs 


= thee ~3ax + 2a®? Vx]dx 


= Am [x8 _3ax? | 20979? TP 
Sv¥5[ 3 2 3/2 


5 


Example 17: 


The area between a parabola and its latus rectum revolves about the 
directrix. Find the ratio of the volume of the rign thus obtained to the volume 
of the sphere whose diameter is the latus rectum. 


Solution: 


Let the parabola be y? = 4ax. Then 
the directrix is the line x = — a. Let LL' 
be the latus rectum. The area LOL'SL is 
revolved about the directrix. The volume 
of the ring thus obtained = the volume 
V, of the cylinder formed by the 
revolution of the rectangle LL'R'R about 
the directrix — the volume V, of the reel 
formed by the revolution of the arc LOL’ 
about the directrix. 


Now the volume V, of the cylinder 
=arh = x (LR). LL 
=n (2a), 4a = 16na?. 


To find the volume V, of the ree! Fig. 3.14 

consider an elementary strip PMNQ 

where P (x, y) and V(x + 8x, y + Sy) are two neighbouring points on the 
arc OL and PM, QN are perpendiculars from P and Q on the directrix. 


We have PM = a + x and MN = by. 


the volume V, of the reel 


= af xa +x)?dy, [by symmetry about x-axis} 
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oof ara2 2 
2f, (a? +2ax + x?)dy 


= aah (»? +2a- 


na? 38 = 12na? 
15 15 * 


= 2x20? ie +2e]-2 
Volume of the ring = volume of the cylinder — volume of the reel 


M2 yg) = 128 3 
15 15 
Volume of the sphere whose diameter is the latus rectum 4a i.e., the 


ae ae ee 3_ 32.33 
= tar = 2n(2a)3 = 203. 
radius is 3 3 (2a) 3 


= V, - V, = 16na* - 


._ 128nas 15 _ 4 
snthe required ratio = 75 = 5. 
Example 18: , 
Find the volume of the solid formed by revolving the cycloid 
x = a(0 — sin), y = a (1 — cos®) 
(i) about its base 
(ii) about the y-axis. 


Solution: 
The given equations of the cycloid are 
x =a (6 ~ sin), y = a (1 — cos). wl) 


(i) The arc OBA is revolved about the base i.e., the x-axis. For the arc 
OBA, 9 varies from 0 to 27 and at B, @ = 7. 


Take an elementary strip PMNQ where P is the point (x, y) and Q is 
the point (x + 8x, y + Sy). We have PM = y and MN = 6x. 


Now the volume of the elementary disc formed by revolving the strip 
PMNQ about the base (i.e., the x-axis) is 


a PM2.MN = zy76x. 
Now the cycloid is symmetrical about the line BH. 
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Fig. 3.15 


the required volume = 2f xy?dx, the limits of integration being 
extended from O to B 


y Xo 


anf? 
= 2n),5 Tr) 


a 
=2nf) a?(1-cos®)?a(1—cos®)d®, forni (1) 
= 2nf"23 (1 cos)? 40 

3 
= F—n3 ("93522 = 3{* sine & 
= 2m? | (sin $) 68 = 16na i} sin’ 5-49 


“ sf? 6 O's 
32na’ if sin® $d putting 2 
= $ so that d@ = 2d6 
S30 
= 9 sme mesens —n= 3 
32m? Fa ge Sra, 

(ii) “When the curve revolves about y-axis, the required volume of the solid 
generated = the volume generated by the revolution of the area OABDO 
about y-axis — the volume generated by the revolution of the area 
OBDO about the y-axis. +2) 

Also at A, ® = 2n; at B, 6 = and at O, 6 = 0. 

Now the area OABD is bounded by the arc AB of the cycloid and the 
axis of y. Therefore volume of the solid generated by the revolution of the 
area OABDO about y-axis 


Lan = fae? BO 
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xf a? (@—sin@)? asind9, ~ {from (1)] 


nJ* a? (0? -26sin0 + sin? 0a sinodo 
2x 


na} | (6? sin@ - 20 sin? 6 + sin? 6)d0 
a 


39 102 e: ane 
= na} f™ (0 sin - (1 -cos26) + —(3sin 0 — sin 30)]d0 
2 2 


na|o? -(--c080)~ 26(-sin0) + 2c0s0- 3.67 +0{ $sin20) 
1 3 1 bs 
-1| -—cos26 |-—cos@+—cos30} , 
4 a 2 Pe 


the values of the integrals fo sin@d0 and [ 0cos20d0 have been written 


after applying integration by parts 
Again volume of the solid generated by the revolution of the area OBDO 
about y-axis 


ee ee arr ak 
Somrey = ao 


8 29 — sin)? - asi 
xfja (@-sin®)? -asinodo 


f] 


xa? J" (0? -26sin6 + sin? 6)sin9 48 


u 


. 
xa? J (9? sin -20sin? 0 + sin? 0)d0 


" 


na?" [~ sin @ ~ 0(1 ~ cos20) + 4 (3sino sin 3) | 
0 


na" [0°«-c0s0)~20(-sin@) +2cos6- 62 +0{ $sin20) 
0 2 2 


1% 


cos0 +L cos30 
12 


3 ‘) ( 13 al 
=-—|-|2+--=4+— 
44 12 44°12 


= (ie - %). Ad) 


0 


4 
8 
— 
— 
4 
' 
rs) 

f 
i= 

% 
+ 
j= 
+ 
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from (2), the required volume = (3) - (4) 


= [Ba ~$]-na[ te? -4] = na3[6n2] = 6a? 
Example 19: 
Find the volume of the solid generated by the revolution of | the cycloid 
x =a (B+ sin®), y = a (1 - cos®), OS OS 7m, 
(i) about the x-axis. 
(ii) about the base. 


Solution: 

As above example. The equation of the cycloid are x = a (6 + sin 6), 
y =a (1 —cos6). 

The cycloid is symmetrical about the y-axis. For half of the curve @ 
varies from 0 to x. 


Example 20: 
Prove that the volume of the solid formed by the rotation about the line 
8 = 0 of the area bounded by the curve r = f(Q) and the lines ® = 8, 
0-0, i 
2, r> sin6d0_ 
3 +, 
Solution: 


Let OAB be the area bounded by 
the curve r= f(8) and the radii vectors 
© = 8, and @ = 6,. We have to find 
the volume formed by the revolution 
of the area OAB about the initial line 
OX. 

Take any point P(r, 8) inside the 
area OAB and take a small element 
of the area r6@6r at the point P. Drop 
PM perpendicular from P to the axis 
of rotation OX. We have 

PM = OP sin@ = rin. Fig. 3.16 

Now the volume of the ring formed by revolving the element of area 
r305r about OX = 2nr sin 8. r505r = 2x sin 6 505r. 


the whole volume formed by revolving the area OAB about OX 
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= fe, (ane? sino d0.dr 
Jo=0, Jr=0 
(0) 


F 3 
: = i 2nsino} | 0 
0-0, 3 |, 


= Enf” EFC? sina 


af 253 sin@d0, where r is to be replaced 


from the equation of the curve r = + £(@). 


Note: We can also show that the volume of the solid formed by the 
rotation of the above mentioned area about the line @ = 7/2 is equal to 


The axis of rotation being any line 

If, however, the axis of rotation is neither x-axis nor y-axis, but is any 
other line CD, then the volume of the solid generated by the revolution about 
CD of the area bounded by the curve AB, the axis CD and the perpendiculars 
AC, BD on the aixs is 


Joc(PM)?a(OM), 


where PM is the perpendicular drawn from any point P on the curve to the 
axis of rotation and O is some fixed point on the axis of rotation. 


Remarks: 


(i) If the given curve is symmetrical about x-axis and we have to find 
the volume generated by the revolution of the area about x-axis, then 
in such case we shall revolve only one of the two symmetrical areas 
and shall not double it as_in the case of area or length. Obviously 
each of the two symmetrical parts will generate the same volume. 

(ii) - If the curve is symmetrical about x-axis and it is required to find the 
volume generated by the revolution of the area about y-axis, then the 
volume generated will be vice the volume generated by half of the 
symmetrical portion of the curve. 


Example 21: 


4 
Show that the volume of a sphere of radius a is = a? 
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Solution: 

The sphere is generated by the revolution of a semi-circular area about 
its bounding diameter. The equation of the generating circle of radius a and 
centre as origin is x? + y? = a*, 


&r 


Fig. 3.17 
Let AA' be the bounding diameter about which the semi-circle revolves. 
Take an elementary strip PMNQ where P is the point (x, y) and Q is 
the point (x + 5x,y + Sy). We have PM = y and MN = &x. 
Now volume of the elementary disc-formed by revolving the strip PMNQ 
about the diameter AA’ is 
=m. PM?, MN = my? 6x = (a? - x?) 6x. 
Also the semi-circle is symmetrical about the y-axis and the for the 
portion of the curve lying in the first quadrant x varies from 0 to a. 


the required volume of the sphere 
aa (wie? oat = 2,43 
2fin(a? - x? )dx = 2n [: x-5x l 


= 2n [» -4y| = $a? 
Example 22: 
Find the volume of a hemisphere 


Solution: 
As above example. The hemi-sphere is generated by the revolution of 
a quadrant of the circle x? + y? = a about x-axis. 


x 
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The limits for the volume will be from 0 to a. The required volume of 
2 
hemisphere is 3. 
Example 23: * 
Find the volume of a spherical cap of height h cut off from a sphere 
of radius a. 
Solution: 


The limits for the volume of the spherical cap of height h will be from 
a—h to a. We get the required volume 


a Gulden glo ta? Satay = + oe te 
fy ‘dx xf. @ x?)dx oars 


[ 1 
=n 
3 
~ a3 +a2h+ 4a? -a2h + ah? 
3 
‘ 


1 
= ah? [ -tn], 
] 3 
Example 24: 


A segment is cut off from a sphere of radius a by a plane at a distance 
1/2a from the centre. Show that the volume of the segment is 5/32 of the 
volume of the sphere. 


a ~ 42? -a?(a-m+ Lam] 
a 


ah? ~ 


Solution: 
Let BC be the line x = ta. 


The segment of the sphere is generated by revolving the area ABCA of 
the circle about the x-axis. Hence, the limits for the volume of the segment 
will be from x = 1/2a to x = a. 


the volume of the segment of the sphere 


= fs ay?dx = xe 2 )dx, [ee +yY =a] 
= fers 
3/2 


q 
a 
as 
r) 

a 
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Volume of the segment _ 32 
Volume of the sphere 


ie, Volume of the segment = 5/32 of the volume of the sphere. 


Example 25: 

Find the volume of the paraboloid generated by the revolution about 
the x-axis of the parabola y° = 4ax from x = 0 tox =h. 
Solution: 

The given parabola is y? = 4ax. 

Take an elementary strip PMNQ, where P is the point (x, y) and Q is 
the point (x + 5x, y + Sy). Then PM = y and MN = ON - OM = (x + 8x) 
—x = 5x. Now volume of the elementary disc formed by revolving the strip 
PMNQ about the x-axis 


Y’ 


Fig. 3.18 
The paraboloid is formed by the revolution of the area ODC about 
x-axis . 
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Also for the area ODC, x varies from x = 0 to x = h. 
the required volume 


hoo _ ph wy, 
Jory24x = [x(4axyax = 47a [=], = 2nah?, 
Example 26: 
The area of the parabola y’ = 4ax lying between the vertex and the latus 
rectum is revolved about the x-axis. Find the volume generated. 


Solution: 


At the vertex we have x = 0 and for the latus rectum we have x = a. 
Therefore the limits for the volume generated by revolving the area of the 
parabola y? = 4ax between the vertex and the latus rectum are from x = 0 
tox=a. 


the required volume 
a a A 
= fory?ex = x{j4axdx, [- y? = 4ax] 


= 2na. 


Example 27: 


A paraboloid of revolution is generated by rotating the parabola 
y? = 4ax about OX. Find the volume generated by that portion of the curve 
which lies between x = 0 and x = L. If R is the area of the cross-section . 
at x = L, show that the volume is half that of a cylinder of base area R and 
length L. 


Solution: 
The volume of the paraboloid of revolution = 2aL?, (1) 
Also the radius of the cross-section at x = L is 
V(4aL), (sy? = 4ax) 
R = area of cross-section at x = L 
= m+ (radius)? = x {N(4aL)}? = daa. 
Now from (1), the volume of the paraboloid of revolution 


anal? = 3-(4nal?) 


a 


pl4ant = L} 


1 
S(RxL 
iRxL] 
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4 volume of the cylinder of base area R and length L. 


Example 28: 
The part of the parabola y? = 4ax cut off by the latus rectum revolves 
about the tangent at the vertex. Find the volume of the reel thus generated. 


Solution: 

The given parabola is y? = 4ax. It is symmetrical about x-axis. The 
tangent at the vertex is x = 0 ie., y-axis. LL’ is the latus rectum. 

A reel is formed by revolving about y-axis the area enclosed between 
the arc L'OL of the parabola and the axis of y. 


The volume of the reel generated by the revolution of the arc cut off 
by the latus rectum LL' about y-axis = 2 x volume generated by revolving 
the area OLK about y-axis. Consider an elementary strip PMNQ parallel to 
the axis of x, where P is the axis of x, where P is the point (x, y) and Q 
is the point (x + x,y + Sy) on the parabola y? = 4ax. Then PM = x and 
NM = ON - OM = (y + dy) -y = dy. 
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Now volume of the elementary disc formed by revolving the strip PMNQ 
about y-axis = (PM)? - (NM) = mx26y. 


Also as the length of the semi-latus rectum SL is 2a, therefore varies 
from 0 to 2a. 


the required volume 


2 2 
= ama =a] dy, (yy?=4ax) 


Example 29: 


Find the volume of the solid generated by revolving the ellipse x7/a? + 
y/b? = 1 about the x-axis. 


Solution: - 
The given equation of the ellipse is x*/a? + y7/b? = 1 (1) 
Y 
(0, b) & ) 
©.) p Q(x + dr, y + dy) 
x! (4,0) x 


Y 


Fig. 3.20 
The solid is generated by revolving the area ABA'OA about the x-axis. 
Take an elementary strip PMNQ perpendicular to the axis of x. 

We have PM = y and MN = &x. Now volume of the elementary 
disc formed by revolving the strip PMNQ about the x-axis = x. (PM)*. 

MN = ny’Sx. 
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two neighborliness points on the arc AL of the ellipse and PM and QN are 
perpendiculars from P and Q respectively to the tangent at A. 

Then PM = OA - OD =a-x 

and MN = AN - AM =y + dy-y = By. 

Now volume of the elementary disc formed by revolving the strip PMNQ 
about the line x = a 

= x (PM), MN = x (a - x)*Sy. 

Also as the length of semi-latus rectum SL is (b?/a), therefore on the 

ellipse from A to L, y varies from y = 0 to y = b/a. 


Now the required volume of the reel thus generated = 2 = volume 
generated by revolving the area LAKL about the tangent at the vertex A 


ba 2 xt sy? 
=2[> “ma-x)? dy, where 25425 = 1 
2) 2 
=2nf “(a2 -2ax + x?)dy, where x? = we -y?) 


2a “fa 2 2a EV(b? -y?) +E =(b a 


; 
»* ab? -2bV(b? -y?)-y?}dy 


2 [pt pf 6 
ome [pet V(a? =b?)~b3 sin 2 al 


aia a 3a? 


= fea? 3ab V (a? 7) 30? sin! 2p}, 
a 


Example 31: 


Show that the volume of the solid generated by the revolution of the 
cycloid x =a 0 + sin 8), y = a (1 - cos ®), 0< 8 <7, about the y-axis is 
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Lan 
= nf sin? @d0 1, 


2 
so that 21, = xf" sin? 0d0 = 20 ["” sin? odo 
an Toten 4d 
= in29d9 = x-tetg tes 
or 4 xf sin? 6d a ed 7": 
= {"sin20d0 = 2(”’ sin? 000 =2 --2- = 4 
and 1, = ff sin? odo = 2[°" sin? 09 = 2 = 5. 


the required volume = na’ (I, + 21, + 1) 


=n [1-0 2- 


- [30 -4| 
Example 32: 


Prove that the volume of the reel formed by the revolution of the cycloid 
x =a (0 + sin®), y = a (1 — cos 0) about the tangent at the vertex is na’. 


Solution: 


The given cycloid is symmetrical about the y-axis and the tangent at the 
vertex is x-axis. The reel is formed by the revolution about x-axis of the area 
enclosed between the cycloid and the x-axis. 


e=-n y r) 


Fig. 3.23 
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For the arc OA of the curve 0 varies from 0 to x. 


Take an elementary strip PMNQ where P is the point (x, y) and Q is 
the point (x + 5x, y + dy). We have PM = y and MN = x. 


Now volume of the elementary disc formed by revolving the strip PMNQ 
about the tangent at the vertex (i.e., about x-axis) is 


= = PM?.MN = myx. 
the required volume 


= 2 ny?dx, between the limits of integration from © to A 
= 2f* ay? S40 


= 2x a2(1~cos0)? -a(1+c0s0)d0, putting for y and 2% 


=2na? J* (2sin? 3 ay (200s? $ Jao 


2 
=2na? [* 4sin4 t.2cos? t.2dt, putting : = tso that do = 2dt 


BLL mas 
64.2 2 . 


) 


ni2 
=32 na? f°” sin’ t cos? tdt = 32 na? - 


Example 33: 


Prove that the volume of the solid generated by the revolution about the 
x-axis of the loop of the curve 


zeal yat-av ban 
Solution: 
The given parametric equations of the curve are 
wig etote 
xety=t- ot (1) 


Eliminating t, we have 


y -e(r-te) =x(t-ts) 
3 a*)* 


The curve is thus symmetrical about the x-axis. The curve cuts the x- 
axis at the points (0, 0) and (3, 0). Therefore, the loop of the curve lies 
between these points. Putting y = 0 in (1), we get 


1 
(1-3) = 0 giving t = 0, + V3. 
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Therefore for the upper half of the loop t varies from 0 to V3. 
the required volume 


“3 di 
= f x a 


dt 


v3 13) 
-f a(—4e ) 2tdt, from (1) 


Example 34: 
Find the volume of the spindle shaped solid generated by revolving the 


astroid x7? + 73 = @ about the x-axis. 


Solution: 
The parametric equations of the given curve x2? + y> = a? 
are x= a cost, y= asin’t. ...(1) 
The curve is symmetrical about 
both the axes. 
At the point B, x = 0 
and sot = 1/2n. 
Again at the point A, x =a 
and so t = 0. 


Therefore, for the portion of the 
curve lying in the first quadrant t 
varies from 1/27 to 0. 


*. the required volume = 2 x 
volume generated by revolving the Fig. 3.24 
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area lying in the Ist quadrant 
= 2f° my?dx 
B x=0 
=2{° ny? Ra 
ni dt 
0 
= anf a? sin® t-(—3acos? tsintdt), 
n/2 
2 
= 6na? | sin” t-cos? dt 
lo 


6.4.2.1 _ 3205 


= 6na>- = oT 
9.7.5.3.1 105 


Example 35: 
Find the volume of the solid generated by the revolution of the tractrix 
x = acost + 1/2 alog tan’ (2), y = asint about its asymptote. 
Solution: 
The given curve is x = acost + 1/2 alog tan? (v2), y=asint. ...(1) 
& =-asint 
1 1 
=a-—,—— 2 tan(t / 2) sec? (t/2)-— 
ae tan?(t/2) Kel 2)ace"( 3 
a 


=—asint + > o5(¢/2)cos(t/2) 


z a 
=-asint +—— 
sint 
efi? 2 
we a ae t) me Sos! t 2) 
sint sint 
Now the given curve is symmetrical both the axes and the asymptote 
is the line y = 0 ie., x-axis. 


(0, a) 
yO, 1-0, x+-20 


u 
via 


Fig. 3.25 
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For the portion of the curve lying in the second quadrant y varies from 
a to 0, t varies from 7/2 to 0 and x varies from 0 to — 2. 


the required volume 


= 2)? ny2dx 
“ 2fr ay 2 & dt 


acos?t 


ro a? sin? t 2295" at, from (1) and (2) 


ana? ° cos? t sin tt 


= 2nad t= 25,3, 
313 
Example 36: 
Prove that the volume of the solid generated by the revolution of the 
1 2] 
tractrix x = a cos t+ = a log tar” = t, y = asint, about its asymptote equals 
half of a sphere of radius a. 


Solution: 
As above example. We get the volume of the solid generated by the 


* volume of the 


. . + 2 1 
revolution of the given tractrix = 7 = ze => 


sphere of radius a. 
Example 37: 
Find the volume of the solid generated by the revolution of the cissoid 
x = 2 sin? t, y = 2a sin’ Vcos t about its asymptote. 
Solution: 


The given parametric equation of the cissoid are x = 2asin?t, 
y = 2a sin? Ucost. 


Let us eliminate t between these equation. 


We havesin? t = x/2a (1) 
=a, 72 
Now y= [>=] 
cost 
_ 42 sint 
cos? t 
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> (sin? t)> 
ar 2 
l=sin? t 
= fa? (x/2a)*} from (1) 
{1=(x/2a)} * 


x3 


~Jaox" 
Thus, y? (2a — x) = x? is the cartesian equation of the given cissoid and 
the for the shape of the curve. 
The required volume 


© (ax)? dy = On (7 2 dy 
anf” ,(2a- x)? dy = anf” (2a-x) ras 
[:t=0.wneny =Oand + La when y -» 2] 


2 oa in? 2 in’ 
_ ani" (2a~2asin? 1)? -2a 3sin? tcos? t+sin4 t 
0 cos? t 


KI > > 2 
6na> f” cos? t(3sin? tcos? t+sin4 t)dt 


xi2 a2 
l6na? [f 3sin? tcos* tat + J" sin tcos? et] 


13.1 


Bt tay 
6.4.2 2 


, 
5 
a, 

a 
is 


= l6na® Gt 1) = 2n2a’, 


Example 38: 


Find the volume of the solid generated by the revolution ofr = 2a cos ® 
about the initial line. 


Solution: 


The given curve r = 2a cos 0 is a circle passing through the pole. It is 
symmetrical about the initial line (i.e., x-axis). We have 8 = 0 at the point 
A and 6 = 7/2 at the point O where r = 0. 


1 
Thus for the upper half of the circle 8 varies from 0 to 7 


; _2pnt_y., 
the required volume = si xr? sin6d0 
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Example 41: 
The arc of the cardioid r = a (1 + cos ®), specified by- W250 


W2, is rotated about the line ® = 0, prove that the volume generated is z na}, 


Solution: 


Here the portion B'AB of the cardioid is rotated about the initial line 
(i.e. x-axis). Obviously the volume generated is the same as is the volume 
generated by the revolution of the portion AB about x-axis. For the portion 


AB, @ varies from 0 to 3" 


2 
the required volume = {°" ar? sindo 
3 
= 2A "(1+ 6050)? sind d® 


a) 
~dna3ti—16) = na} = Sa, 
6 6 2 


Example 42: 


Show that the volume of the solid formed by the revolution of the curve 


4 
r =a + bcos® {a > b) about the initial line is sree? +b?), 


Solution: 
The given equation of the curve is r = a + b cos @ (a > b). v1) 


Y 
O= 


Fig. 3.29 
It is symmetrical about the initial line and for the upper half of the curve 
© varies from 0 to 7. 
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ws the required volume formed by revolving the whole curve about 
the initial line 


fk 3x0? sin0 do - 2" (a+bcos@)? sin6d0, 


~ 22 f (a+ be0s0)*(~bsino)d0 


_ 2n[(a+beos0)*]" _ an [(a—b)* (a+b)! 
3b 4, lo 3b 4 4 


x egy cus 
Gp lta +b) (a-b)*] 
= alath? +(a—b)? J[(a+b)? -(a—b)?] 


= Z2a? +b2).4ab - Se +b?), 


Note: If b = a, then the given curve becomes r = a (1 + cos) ie, a 
cardioid and hence the volume of the solid generated by the revolution of 
the cardioid. 


4 8 
1 =a (1 + cos 6) about the initial line = s7ala? +a?) =5™. 


Example 43: 
Find the volume of the solid generated by revolving one loop of the 


2 1 
lemniscate P = a? cos?® about the line ®@ = 3 


Solution: 

The given curve is 

P = a2cos"8. Al) 

It is symmetrical about the initial 
line. We have r = 0 when cos 20 = 0 
ie., 20 = + 1/2n or @ = + 1/4n. Thus, 
for one loop @ varies from — 1/4to n/ 


4. And for the upper half of one loop 
@ varies from 0 to 1/4x. 


Ms 
= 2" 2 nr? cosas 
o 3 


PRL baa 32 
me [rs (cos26)>? cos6.d8, 
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_ Ana 
3 


JF “(-2sin? 0)>? cosoao 
Now put V2 sin 6 = sing 

so that V2 cos @ dO =" cos do. 

Also when 0 = 0, 6 = 0 

and when 0 = 7/4, $ = 7/2. 

Then the required volume 


_ 4na3 a in? 4)32. 


ram sin? 9) pcos db 
4na3 x2 og 
= 4 
3N2 iH 1% 
dna? Bon _ na’ 
3V2 4.22 4V2° 


Example 44: 

Find the volume of the solid formed by revolving one loop of the curve 
? = @ cos 20 about the initial line. 
Solution: 

The upper half of the loop @ varies from 0 to 7/4. Here the curve is 
revolving about he initial line (ie., x-axis). 


2 prt. 
©. the required volume = th r sin@ dO 


-2/) *4 (4. (cos20)}> sin d0 [+ : P= a? cos? 6] 


- 21a! fi acoso-1)°9 sin0 49. 


Put V2 cos @ = sec > 

so that — V2 sin 6 dO = sec $ tan 6 do. 
When 0 = 0, > = 2/4 

and when @ = 7/4, 6 = 0. 


the required volume 


2nad 7? 2 g_y32 (csecdtand) 
5 dara SC" O- De 7 


db 


Z ee ant dsec 6 do 
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V2na> art 
core! 

V2na3 pris 
coo 


sec? @~1)* sec do 


(sec> $-2sec?  +sec )dd. ...(1) 
Also we know the reduction formula 

2 a 
see Pian 2 Fsoem-2 9 dp. 

n-1 n-1 


om Sprang]. 3 ps 
ik “sect yay ~[ ben ‘ +3 (see? 9 49 


. Buaffestmey™ +h [Se we a} 


~ 42, 3fv2 
2 *4\2 


~ 42, 3V2 3 
+2k* 
2 
=m, 3 


Jsec” #48 = 


45 i [logtsece +tan 9)" } 
qloety2 +1) 


qles(v2+D, 


2 
- 2,1 


It _ [seco tan 14 
if seo 4p =| [ + ['seo4 ap 


zlea(v2+0) 


and ffsece do = log (12 + 1). 
Hence the required volume from (1) is 


. teens + Ftog(V2+ y- 2f 2 dogs of tava» | 


= 2a /2iggia-2| 


= 29? (atog(2+)- 12). 
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generated by the revolution through four right angles of the upper half of 
the inner loop. 


f a 4x32 5 
the required volume = Si ar? sin@ do 


2 : 
-= f° (1+2c0s0)° sin® d9, substituting for r from (1) 
_2n Hosea a --4p0--2 
3 -8 afd 12 12 
Example 46: 


Show that if the area lying within the cardioid r = 2a (1 + cos ®) and 
without the parabola r (1 + cos 8) = 2a revolves about the initial line, the 
volume generated is 18na’. 


SS 


Fig. 3.32 

Solution: 
The equation of the cardioid is r = 2a (1 + cos 8), (1) 
and that of the parabola is r = 2a/(1 + cos 8). w(2) 


Equating the values of r from (1) and (2), we get 
2a (1 + cos @) = 2a/(1 + cos 0) 
or (1 + cos 6? = 1 
or cos 8 (cos @ + 2) = 0, 


220 Application of Integral Calculus 


Now cos @ # — 2. 

Therefore cos 8 = 0 

ie, 0 = n/2, — W/2. 

Thus, the curves (1) and (2) intersect where @ = 2/2 and n = — 7/2. 
Also both the curve are symmetrical about the initial line (i.e., x-axis). 


The required volume is generated by revolving the upper half of the shaded 
area about the initial line. 


~. the required volume = Volume generated by the revolution of the area 
OABO of the cardioid ~ volume generated by the revolution of the area 
OPBO of the parabola 


2 
= EPP sinose — 22 ("713 sing ao 


(for cardioid) (for parabola) 


2 3 
= rd hl 8a3(1+cos0)? -—8*___|sin.do 
3 40 (1+cos@)> 


3 
= ae eta +0050)? —(1+cos@)~? (—sin@)d0 


x/2 


~l6na? 4 2 
© -l6na eae _ (+0058) | siding liu Fecal: 


3 4 2 


3 
= roma? fy yey fy d 
— [40 +41 )} 


“6 2[-18 3] 
3 4 8 


Example 47: 
Find the curved surface of a hemisphere of radius a. 
Solution: 


A hemisphere is generated by the revolution of a quadrant of a circle 
about of its bounding radii. 


Let the equation of the circle be x? + y? = a2. (1) 
Let the hemisphere be formed'by revolving about x-axis the arc of the 
circle (1) lying in the first quadrant. 
Differentiating (1), w.rt. x, we get 2x + 2y (dy/dx) = 0 
or dy/dx = — wy. 


lo 
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ds dy)’ 
= ly a 
herefore "i f-( ) 5 


PE} Ghee 


For the arc of the circle (1) lying in the first quadrant x varies from 0 
toa. 


the required surface 
= 2nf" yds = anf ye. dx 


a 
= any Sox = 2nf'adx = 2n a[x]t 
= 2na.a = 2na’. 
Example 48: 
Find the surface of a sphere of radius a. 


Solution: 
Suppose the sphere is generated by the revolution of a semi-circle of 
radius a about its bounding diameter (say x-axis). 


Let the equation of the circle be x? + y? = a? (1) 


the center being the origin. 

Then ds/dx = a/y. 

Also for the semi-circle, x varies from — a to a. 
the required surface 


i) 
vv 

a 
i: 3 
Me 

| 

e 

& 


= 2nf! adx = 2na[x]*, 
= 2na (a + a) = 4na. 
Example 49: 
Show that the surface of the spherical zone contained between two 


parallel planes is 2nah where a is the radius of the sphere and h the distance 
between the places. 
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Solution: 

Let the sphere be generated by the revolution about the x-axis of the 
circle x? + y* = a’, . 

Let the two parallels places bounding the spherical zone be formed by 
the revolution of the lines x = b and x = b + h. 


Fig. 333 


Then the required surface is generated by the revolution of the arc AC 
about x-axis. 


We get 
ds a 
ay” 
the required surface 
beh ds 
f ay 


= 2na (b + h - h) = 2pab. 
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“ fi 2ay Bax 

= anfpy- 22828) ay 
= 4x Vafitx+ay!2ax 

SE Vaf(h+ ay? a2), 


Example 52: 


Find the surface generated by the revolution of on arc of the catenary 
y = ccosh (x/c) about the axis of x. 


Solution: 
The given curve is, y = c cosh (x/c). (1) 
Differentiating (1) w.r.t. x, We get 
ay 
dx 
& 
dx 
= i{resin? 4 = cosh ~ 2) 


If the are be measured from the vertex (x = 0) to any point (x, y), then 
the required surface formed by the revolution of this arc about x-axis 


x ds 
= BOS lero 


= 2x f’ecosh*.cosh* dx, from (1) and (2) 


= nef 2cosh? Xx 


= reff + cosh 2) 
0} c 


= refx +Ssinh 2] 
2 cls 
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c., 2x 
ne} x +—sin— 
20 ¢ 


n{x +csinh~cosh | 
c c 


Example 53: 

Find the surface generated by the revolution of the curve y = ¢ cosh 
(a/c) and about the x-axis, between the places x = a and x = b. 
Solution: 

Do your self. The required surface 

=2n . 8 a 
7. ea dx 


2 b 
= xc x+S-sinn(2¥) 
2 c/j, 


= nef (0-2) + sinh 22S sinh 22] 
2 e 2 c 
Example 54: 

For a catenary y = a cosh (x/a), prove that aS = 2V = xa (ax + sy), 
where s is the length of the arc from the vertex, S and V are respectively 
the area of the curved surface and volume of the solid generated by the 
revolution of the arc about x-axis. 

Solution: 

The given equation of catenary is y = a cosh (x/a). wl) 

The vertex of the catenary (1) is the point (0, a). 

Differentiating (1) w.r.t. x we get dy/dx = sinh (x/a). 


= [fr+sion? 5} = cosh * 
a a 


or ds = cosh (x/a) dx. 


If s is the length of the arc from the vertex (x = 0) to any point (x, y) 
‘on the catenary, then we have 


s= K cosh( = ix 
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Solution: 


Let the equation of the ellipse be 5+ 75 = 1, w() 
2 


The x-axis being the major axis so that a > b. 
The parametric equations of (1) are x = acosht, y = bsint. 
dx/dt = — asint and dy/dt = b cos t. 


We have 


= \(a? sin?t + b? cos? t) 
= V{a? sin*t + a2 (1 — e”) cos?t.}, ['- for the ellipse b? = a? (1 — e)) 
=a V(1 - e? cost). (2) 


Now the ellipse (1) is symmetrical about y-axis and for the arc of the 
ellipse lying in the first quadrant t varies from 0 to 7/2. At the point (a, 0) 
we have t = 0 and at the point (0, b) we have t = 1/2. 


Hence the required surface S formed by the revolution of the ellipse (1) 
about the x-axis 


= 2f2nyds between the suitable limits 


= anf” bsint.aV(1—e? cos? tat, 
[- y = bsint and ds/dt = a \(1 — e*cos*t), from (2)] 
= drab” sint Va —e? cos? t)dt. 
Put ecost = z 
so that — e sint dt = dz. 
When t = 0,z=e 
and when t= 3%, 2= 0, 
=~ 4nab [4 V(1- 22 az 
lee 
_ Amab (ey, 22 
-= Jva-2? de 
e 
= S88 | EN-2ty+ Sin | 
e (2 2 


lo 
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the required surface = 2 = surface generated by the revolution 
of the arc in the first quadrant 


x any Say 
oft ray rh 


4 V64—-3x2 
= anf'y 3x ) ax 


rT from (2) 


" 
a 
pi 
i 
1 
we 
* 
4 
g 


fn 
a 
ey 
ory 
ot 
N 
— 
w/2 
1 
a 
Rents 
+ 
w/ 
_ 
— 
2 
a 
SS 
9) 


Example 57: 


Find the surface of the solid formed by the revolution, about the axis 
of y, of the part of the curve ay?s= x from x = 0 tox = 4a which is above 
the x-axis. 


Solution: 
The given curve is ay” 
Differentiating (1) w.r.t. x, we get 


wl) 
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Putting y = 8a/27 in (1), we get 64a°/27? = x* or x = 4a/9. 


the lines perpendicular to the axis of revolution, at the origin and 
through the point where 27y = 8a meet the curve (1) at the points where 
x = 0 and x = 40/9. 


dao 
the required surface = J" aaxS de 
43/9 dat9x mp9 
= : =i 4a +9x)d 
anf s ( “a jas Tah x V(4a + 9x)dx, 


Now put 4a + 9x =? 

so that 9 dx = 2t dt. 

Also when x = 0, t = 2 Va 

and when x = 4a/9, t = 2 V2. Va. 
the required surface 


m_pr2va(t? —4a) | 2tdt 


Va 2Va 
F 2N2va 
2m peg, 4, 2a [15 dat? 
c rare (ih 4ets ati alt 3 Jove 
_ 2 (2N2Va)> _ 445 9 Vays _f@vay> _ 4a(2 Vay} 
8INa 5 3 5 3 


2n_[128V2.a7Va_64V2a" Va _32a* Va | 32a° Va 
8iVa 3 3 5 3 
2na? 
81x15 
2na? 
81x15 
2na? 


——_[64V2 +64]. 
721510492 + 41 


Example 59: 


Find the area of the surface of revolution formed by revolving the curve 
r = 2acos 0 about the initial line. 


[384 ¥2 - 320 V2 - 96 + 160] 


[64 V2 +64] 


Solution: 
The given curve is r = 2a cos 8, wil) 
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which is clearly a circle of radius a passing through the pole and 


having diameter through the pole as initial line. At O, r = 0 and so (1) gives 
@ = 1/2 at O. 


P (x,y) 


Fig. 3.35 
Differentiating (1) w.r.t. @, we have dr/d8 = — 2a sin @. 


= V{4a" cos? @ + 4a” sin? 6} 
= 2a V(cos?@ + sin? @) = 2a. 
The given curve is revolved about the initial line (i.e., the x-axis) and 
for the upper half of the curve, @ varies from 0 to 1/2. 
the required surface = [""2xy 2°40, where y = rsin 0 
real o rr ae y as 
n/2, m2 ? 
= 2nftsind.2ado = 4an{"2acos®sin0d0, 
0 lo 


I 
= 8na? ffsino coseao 


2p ]*? 1 
= srai[ 208 = 8na2 (4-0) = 4na2. 
lo 
Example 60: 


Find the surface of the solid generated by the revolution of the lemniscate 
? = a cos? about the initial line. 


Solution: 
The given curve is P = a” cos 20. (1) 
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Differentiating (1) w.r.t. 6, we get 


at = — 22? sin 26 


or = = 
ds 2 eh 
ca | 8 
rr) a 
a? cos20 + 2. Sin? 28 
“| 2 a 


Ss 


= 1 V4r?.a? c0s26+a4 sin? 26} 
£ 
= 1 V tat cos? 20 +a sin? 20), 
. [-: P= a®cos 26) 
=a. (2) 
The given curveis symmetrical 
about the initial line and about the + 
pole. che | 


Putting r = 0 in (1), 
we get cos 28 = 0 


1 
giving 26 = 45" 


1 
j. stain 
ie, ® +5 


xg=-% 
Therefore one loop of the curve 4 
1 i 
lies between @ =~ 7 and 8= 77. Fig. 3.36 


There are two loops in the curve and for the upper half of one of these 
two loops 6 varies from 0 to +. 


the required surface = 2 = the surface generated by the revolution 
of one loop 


“4 
=2f° any $0, where y = rsin@ 


a 2 
= anf rsin-—48, from (2) 
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fh 
= 4na? ["sinade 
[yraeond 


= 4na?[-0s0]5* 


= 4na? [- (1/N2) + 1) 
= 4na [1 - (1/N2)). 
Example 61: 
Find the surface of the said formed by the revolution of the cardioid 
= a (I + cos ®) about the initial line. 
Solution: : 
The given curve is r = a (1 + cos 6). w(1) 


It is symmetrical about the initial line and for the upper half of the curve, 
8 varies from 0 to x. 


Differentiating (1) w.r.t. 8, we get dr/d0 = a (- sin @) = = asin @. 


= V[a? (1 + cos 0)? + a*sin? 6] 


=a V[2 (1 + cos 6)] = 2a cos 30. wn(2) 
: x, ds . 
the required surface = i any. where y = rsin@ 
= 7 2n.rsind.2acos+a0 
lo 2 


is 2nf a(1+c0s0) sind cos 5.040 from (1) 
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when? (2008? © 2c Seas econ? 
4na § 208" 5 2sin 5 cos 5 cos; d0 


5 pri 
= 16na? {* cost 2 sin 2-40 


8 
= 16xa? [°” (cost tsint).2dt, putting 5 
= tso that dO = 2dt 


= 32a? [*" cost tsintdt 


Example 62: 
Find the surface of the solid generated by the revolution of the curve 


r =a (1 ~ cos 9) about the initial line. 
Solution: 
Do your self. 


The required surface is (3/5) xa”. 


Example 63: 


A circular arc revolves about its chord. Find the area of the surface 
generated, when 2a is the angle subtended by the arc at the centre. 


Solution: 
Let the parametric equations of the circle be x = acos @, y asin, 0 
being the parameter. wl) 


Take any point P (acos @, asin @) on the circular arc ABC which is 
symmetrical about the x-axis and which subtends an angle 2a at the centre 
O so that < AOB = a. 


We have OD = OA cos a = acos a. 

Draw PM perpendicular from 

Then PM = ON - OD = acos 6 - acosa. a=(2) 
For the upper half of the arc to be rotated i.e., for the arc BA, 8 varies 


from 0 to a. 
2 2 
ds di ds 
ao oo (3) (3) 


= V{a? sin? + a? cos*6} = 
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Fig. 3.38 


-. the required surface = 2 x surface generated by the revolution of the 
arc BA about the chord AC 


a ds 
= 2 [*2n(PM) 0 

a F (PM) a6 
= 4nf"(acos@-acosa).a.d8, from (2) 


= 4xa?[sin0 -Ocosa]> 

= 4nxa?[sina -acosa]- 
Example 64: 

A quadrant of a circle of radius a revolves about its chord Show that 
the surface of the spindle generated is 
1 

2na? V2 (1-is). 

Solution: 


Let us take the quadrant of the circle in such a way that is placed 
symmetrically about the x-axis. The quadrant of the circle subtends and angle 
/2 at the centre. 


By taking 2a = 7/2 and taking a = 7/4. Thus, the required result is 
obtained by putting a = 7/4 . 
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Example 65: 


Find the area of the surface generated if an arch of the cycloid 
x = a(8 — sin ®), y = a (1 — cos ®) revolves about the line y = 2a. 


Solution: 
The given parametric equation of the cycloid are 
x =a (6 - sin6), y = a (1 — cos 6), wl) 


Differentiating (1) w.r.t. 8, 
we get dx/d@ = a (1 — cos @) and dy/d® = asin 0. 


713) (3) 

dé de dé 

= V{a? (1 — cos’8)? + a? sin? 6} 

= a V{2 (1 - cos @)} = a V{2.2 sin? (6/2)} = 2a sin (0/2). 

Take P (x, y) as any point on the are OA. Draw PM perpendicular to 
the line y = 2a, which is tangent to the cycloid at the vertex A. Then PM 
= 2a-y = 2a—a‘(l - cos 6) =a (I + cos). 

Also the given cycloid is symmetrical about a line which is perpendicular | 
to x-axis and which meets the curve at the point A where @ = x. For the arc 
OA, 6 varies from 0 to x. 


the required surface 
= 2 « the surface formed by the revolution of the arc OA about the line 
y= 2a 
® ds 
= 2xf} 2n(PM) 5 a8 


= 4nf a(1+¢050).2a sina 
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= ra? [*2cos? S-sin 29 ane 


i 2 f* con? 81 sin ® 
= = 32na: fps 2( 75 d0; 


Making adjustment for the application of the power formula 


= —32na? 2 H 
a [ me: 


Example 66: 


The lemniscate P = a cos 20 revolves about a tangent at the pole. Show 
that surface of the solid generated is 4na’. 


Solution: 


noimlog 


The given curve is 7 = a? cos 20. w(1) 
We get ds/d@ = a2/r. ’ i site 
Putting r= 0 in (1), 

we get cos 20 = 0 giving 20 = + I/2n 
ie, 0= + Wan, 


239 
iss 


— 4a and B= V4n. 


KOK' which is a tangent at the pole. 
= ear pem P(r/)'on tie i ‘and. draw: PM perpéindiéular (0 the 


1 
Ben (Sase] 
Sate (te) st ag. he Wissen sendin. bec 
sil Ansindhn ns : 
Als for one loop’® Vries fom tt6 4." « 
the required surface = 2 x surface generated by offé Idopww'"\ 


sotaon, ats haw’) 


nl, ds 
= 2x fg 2R(PM) 55a 


= 4na? aie: 


Example 67: oe . 

Find the volume and surface-area of the: anchorering. senile by the 
revolution of @:éirelé of radius a about an axis in its:own plane distant:b 
from its, centre (b.?.A). 4.50 5 1 


Solution: Boe to biownso 


Here the given curve (circle) does /rSy “67 6m 9onoH 
not intersect the axis of rotation, so 
Pappus theorem can be applied. In this, 
case 


oisdw 


A = area of the region of the closed ; ad 
curve 
= area of the circle of radius a 288 siqnoed 
= nats aA ae r ‘i x 
and / = length of the arc of the'tirve’ AL wade 1 = SG + 
circumference of the circle Fig 340 no 
= 2a. 


adi te BOTA 
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Example 71: 
The part of the parabola y° = 4ax cut off by the latus rectum revolves 
about the tangent at the vertex. Find the curved surface of the reel thus 
generated. + 
Solution: 
The given parabola is y? = 4ax." 
Differentiating (1) wir.t. x, we get dy/dx)= 2aly. 


wl) 


The required .curved. surface is 
generated by the revolution of the arc 
LOL'(LSL'is the latus rectum), about 
the tangent at the vertex fe.) y-axis! 
The curve is symmetrical about:x-)': | 
axis and for the arc OL, x varies from) *) +1) 
0 toa. 2 


the required surface : 


Ca en: re 
id a 


aif 


= oof 3(x + ha +n) Soa S}evers ax) 
a? log{x + V(x? -a?)} 


[+ Jvc? —a?)dx = ave? =a?) 
fa oe 2)] 
8 2 


= 4n[t3aava-4a? tog Fara: 
- «(3 yaav2 z tog{3asav2 
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2 
= 32ma?. 2. - S4na" 
3. 3 
Example 74: 
Find the area of the surface generated by revolving an arch of the 
eyeloid x = a (8 + sin 8), y = a (1 — cos 8) about the tangent at the vertex. 


Solution: 
The given parametric equations of the cycloid are 
x =a (6 + sin@), y = a (1 — cos @). wa) 
dx _ dy og 
7) =a (I + cos 6) and 3, asin @. 


Hence = [ (3) -(3)| 


= Vfa? (1 + cos 0) + a? sin? 6} 
=a {I + 2cos@ + cos? 6 + sin? Q] 
=a. [2 (1 +cos 6)) 
= a. V{2.2 cos? (6/2)} = 2a cos (8/2). +(2) 
Also for one arch of the given 
curve, @ varies form ~7 to x and this” 
arch is symmetrical about the y-axis 


which meets the curve at the point @ 
=0. 


the required surface 
7 2f ony S40 Fig. 3.47 
= 4nf'a(1 ~ cos6).2acos(8/2)d0, from (1) and (2) 


= Bra? f*2sin? $-cos.d0 


16na? [* sin? Seos$.a0 


2 (7? in? Sagi = 
l6xa i sin* tcost.2dt, putting 77 t so that d6 = 2dt, 


32na? 
3 


2 2 
= 32na? f” sin? teostdt = 32a? of = 
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Example 75: 

The portion between the consecutive cusps of the cycloid x = a (0 + 
sin ®), y = a (I + cos 8) is revolved about the x-axis. Prove that the area 
of the surface so formed is to the area of the cycloid as 64:9. 


Fig. 3.48 
Solution: 
The given parametric equations of the cycloid are 
x =a (0 + sin0), y =a (1 + cos 6), (1) 
dx dx rf 
Jp 7a (i + cos), 3 = asin. 
ds _ I[rax? (dy) 
ne (8) (8 


= fa? (1 + cos 6)? + a? sin? 6] 
=a V[I + 2cos@ + cos*@ + sin? 6} 
=a V2 (1 + cos ®)]} 
= a V2.2 cos? (6/2)] = 2a cos (6/2). (2) 
For one arch of the given curve (ie, for the portion between two 
successive cusps) ® varies from — x to x. Also this arch is symmetrical about 
the y-axis which meets the arch at the point where 6 = 0. The base of the 
given cycloid is the axis of x. 
the surface S generated by the revolution of the cycloid about 


the x-axis = 2" 2ny Sao 
= axf7ac +€088).2acos(8/2)d8, from (1) and (2) 


= Ba? ["2cos? Sos 2-40 
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4 


l6na? f cos® $0 


n/2 

= 16a? (cos? t).2dt, putting 6/2 = t so that dO = 2dt 
_ 64na? 

3.1 3 

Also the area A of the given cycloid 


= 32na? 


=2{" y Xap - 2ffa(1+ c0s6).a(1 + c0s0)d0 


= 2a? |" (1 +cos6)? de 


= 2a? oe sy Cc) 


= 8a [* cost Sao 


a? f°" (cos? t).2dt, putting t = 6/2 


= 3na2. (4) 


The required ratio 


Example 76: 
Prove that the surface area of the solid senersted by the revolution, 


about the x-axis of the of the curve x = P, y = t—- ie is 3x 
Solution: 


The given eqautions of the curve are x = (7, y = 


wa) 


dx/dt = 2t and dy/dt = 1 — 


: 2 2 
Hence a (2) (3 ) 
dt dt dt 


= Vey +a-ey] 
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= Var +1 -2P ety 
=va+P¥ea+ey. (2) 


1 
Putting y = 0.in (1), we gett 51? =O which gives t = 0 ort = + 13. 


For the upper half of the loop y is positive and so for the upper half of the 
loop t from 0 to v3. 


the required surface = i aay Sat 


= 2x ‘(r- be Jase a 


Example 77: 
Prove that the surface of the solid generated by the revolution of the 


1 I z 
tractirx x = acost + > alogtan’ = t, y = a sint about its asymptote is 
equal to the surface of a sphere of radius a 
Solution: 


The given tractrix is x = acost + 1/2 alogtan* 1/2 t, y = asint. 


ee asint+a 
dts 


1 


2sin2teos tt 
2 2 


=a}-—sint+ 
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and 


Hence 


The given curve is symmetrical about both the axes and the asymptote 
is the line y = 0 ie., x-axis. For the arc of the curve lying in the second 


1 
quadrant t varies from 0 to 7 


the required surface = 2° any at 


=4nf"'a in Att 
= Pay 
o 


= 4xa?[sin }3> = 4pa2 
= the surface of a sphere of radius a. 


Example 78: 


Prove That the surface of the oblate spheroid formed by the revolution 
of the ellipse of the semi-major axis a and eccentricity e is ‘ 


2 lee 
2na [+52 Je — lo} oa 1 
Solution: 


Let the parametric equations of the ellipse be 


x = acost, y = bsint, where b? = a? (1 - e”). (1) 
~. dx\dt = -a sint and dy/dt = b cos t. 
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= V{a?sin?t + b? cos? t} 
= V{a? sin? t + a? (1 — €”) cos? t} 
=a V(1 - e?cos*t) (2) 


The ellipse is symmetrical about both the axes and for the arc of the 
ellipse lying in the first quadrant t varies from 0 to 7/2. 


We have to revolve the ellipse about its minor axis which is the y-axis. 


/2 
the required surface = aft anx Sat 


/2 
= anf acost.a V(1—e? cos? t)dt 


A V(1-e? + e? sin? t)costdt 


_ Ana? fe 2) 492 5 ae 7 
eh V[(1-e?) +z? ]dz, putting e sin t = z so that e cos t dt=dz 


Sra? ‘= fiz Ue?) +22} +3 (1-e? dogte Vee? +22] 


= 2na? [e+ (le? )log(e +1) (Ie? )logV1-e)] 


2na? lee 


= lence Nee Time), = ‘| 


~ omfg Sy 


-e2 
= ana?! : tei] 
2e -e 


Example 79: 


Find the volume of the ring generated by the revolution of an ellipse 
of eccentricity 1/N2 about a straight line parallels to the minor axis and 
situated at distance from the centre equal to three times the major axis. 


Solution: 
Let a be the semi-major axis of the ellipse. Then its semi-minor axis 


bead -e)=ax(I-3) = ana, [- e = 12]. 


Volumes and Surfaces of Solids of Revolution 251 


area of the ellipse = na = na. (a/V2) = na?/V2. 
Distance of the C.G. of the ellipse from the axis of revolution is 3.2a 
6a, (given). 
As the ellipse revolves about the given line its C.G. will describe a circle 
of radius 6a whose perimeter will be 


= 2n. 6a = 12na. 
Now by Pappus theorem, the required volume 
= area of the ellipse « length of the arc described 
by its C.G. 
= (na?/N2). 12na = 12n7a3/V2 
= 6 Jz wa? where a is the semi-major axis. 
Example 80: 
The loop of the curve 2ay? = x (x — a)? revolves about the straight line 
y = a. Find the volume of the solid generated. 
Solution: 
The given curve is 2ay” = x (x — a)? A) 
The curve (1) is symmetrical about the x-axis and the loop lies between 
Ix = 0 and x = a. 
Differentiating (1) w.r.t. x, we get 4ay (dy/dx) = 2x (x — a) + (x - a)? 
l= 3x? — dax + a. 
Y 


(0. 0) a, 0) x 


Fig. 3.49 

Now (dy/dx) = 0 when 3x? - 4ax + a? = 0 or when x = a/3 which gives 
from (1), y = (a V2)(3 V3) i.e.. < a showing that the loop does not intersect 
the straight line y = a. 
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By symmetry the C.G. of the loop lies on x-axis i.e., the distance of the 
C.G. will describe a circle of radius a whose perimeter is 27a. 


Also the area A of the loop 


2foyax 
a(x—a) Vx 
h Tea dx, 
sha _ (x-a)vx 
+ fom(y = 


G lanes ~ ax"? dx 
OES 


= Aaa, 
15 


by Pappus theorem, the required volume 
~ Sich a 4 aq? = & V2na3 
= 2na x A = 2na x 75 2a 73 2na?, 


Example 81: 


Find the volume of the ring generated by the revolution of the cardioid 
r=a (1 + cos ®) about the line r cos @ + a = 0, given that the centroid of 
the cardioid is at a distance Sa/6 from the origin. 


Solution: 
The given curve is r = a (1 + cos 9). wal) 
And the given line of rotation is rcos® + a= 0 

or x +a=0, (x =rcos0) 

or x=-a. 


By symmetry the centre of gravity the centre of gravity G of the cardioid 
lies on the initial line OX. If G be the centroid of the area of the cardioid, 
then OG = 5a/6 (given). 


Also GM = the length of the perpendicular from.G on the line of rotation 
= GO + OM = (5a/6) + a = 11a/6. 
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